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Vehicle Drive Calculations 

The force to drive a vehicle is composed of the sum of (1) road resistance, 

(2) force necessary to climb a grade, (3) force needed to accelerate to final 
velocity in the allowable time, (4) force to overcome air resistance, on fast 
moving vehicles. Each of these torces can be calculated or estimated from 
the formulae on this page, then added together. In selecting an engine, allow 
enough extra power to make up for losses in the mechanical transmission 
system including gear boxes, clutches, differentials, chain or belt drive. 


TRAVEL SPEED in MPH (miles 
per hour) is found by multiplying 
wheel RPM x wheel circumference. 

MPH = RPM xdr 336, or 

RPM = 336 x MPH - d 

d is wheel diameter in inches. 


AXLE TORQUE for driving the 
vehicle is found by multiplying draw- 
bar pull (or push) times wheel radius. 

T = Fxr or, F = T -r r 

T is axle torque in inch pounds. 

F is drawbar pull in pounds, 
r is wheel radius in inches. 


DRAWBAR PULL to keep the 
vehicle in steady motion on level 
ground depends on the road surface. 
The following figures are pounds of 
drawbar pull per 1000 lbs. of ve- 
hicle weight. 


Concrete 
Asphalt 
Macadam 
Cobbles 
Snow . 
Dirt 
Mud 
Sand . 


10 to 20 lbs. 
12 to 22 lbs. 
15 to 37 lbs. 
55 to 85 lbs. 
25 to 37 lbs. 
25 to 37 lbs. 
37 to I501bs. 
60 to 3001bs. 


HORSEPOWER required on ve- 
hicle wheels is torque times RPM: 

HP = T x RPM - 5 - 63024 

T is wheel torque in inch pounds. 

NOTE: Additional HP is required 
at the engine to overcome trans- 
mission system losses. 


ACCELERATION of a vehicle is 
expressed in this formula involving 
weight, accelerating force, and time. 

F = (VxW)r (gxT) 

F is accelerating force in pounds. 

V is final velocity in feet per second. 
W is vehicle weight in pounds, 
g is gravity acceleration = 32.16 
T is time in seconds that force acts. 

Note: The gravity acceleration 
symbol, g, converts weight into mass. 


GRADE. In mobile work, grade 
is usually expressed in percentage 
rather than in degrees. For example, 
a 10% grade has a rise of 10 feet in 
a distance of 100 feet, etc. 

GRADE RESISTANCE is the 

drawbar puli needed to keep the ve- 
hicle in constant motion up a grade. 
This is in addition to the drawbar 
pull to overcome road resistance as 
expressed by another formula. 

F » GR x W 

F is drawbar pull in pounds. 

GR is grade resistance in per cent. 

(20% is written as .20 etc.) 

W is gross vehicle weight in pounds. 


AIR RESISTANCE will be im- 
portant only on fast moving vehicles 
(over 20 to 30 MPH). 

F = FA x .0025 x MPH2 

F is additional drawbar pull needed 
to overcome air resistance. 

FA is frontal area of vehicle in 
square feet. 

MPH is vehicle speed, miles per hour. 


CONVERSION FORMULAE be- 
tween torque, HP, and speed. 

T = HP x 63024 4- RPM 

Torque values are in inch pounds. 


MOMENTUM of a vehicle is 
equivalent to that constant force 
which would bring it to rest in one 
second by resisting its movement. 

Momentum = Weight x V -5- g 

Weight is in pounds. 

V is velocity in feet per second, 
g is gravity acceleration = 32.16 


AXLES and drive shafts must 
have a diameter large enough to 
transmit the torque without exces- 
sive deflection. The angle of deflec- 
tion for a solid round axle may be 
calculated from this formula: 

A = 583.6 xTxLrlD^xE) 

A is angle of deflection in degrees. 

T is applied torque in inch pounds. 

L is shaft length in inches. 

E is modulus of elasticity of material. 

(12,000,000 for steel) 

D is shaft diameter in inches. 

Some authorities say that a steel 
shaft should be limited to an angular 
deflection of .08 degrees per foot of 
length to avoid failure. 
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Bill Truitt of McKees Rocks, Pennsylvania, has built three 
air cars since 1920. He perfected his designs from 1974-19&0. 
One of his air cars has been up to 13t> mph, Lee Rogers* air 
car will reportedly lift the front wheels slightly when star- 
ting too fast. His car can go SO mph. 


TWO MILES A MINUTE— IN 1906 
A World’s Record 



THE FASTEST CAR, IN THE WORLD 

(Rato of 127.66 Miles in Hour) 


This car, at Ormond Beach, Florida , January 21 to 28, 1906, established 
the following world’s records: 1 kilometre, .18-2/5; 1 mile, 28-1/5; 1 mile in 
competition, 31-1/5; 5 miles, 2.47-1/5; 2 miles, 59-3/6. 

Mr. Fred Marriott's description of this car follows (Mr. Marriott, as 
driver of the above Stanley Steamer, established the above world's records. He 
is now a garage operator at West Newton, Mass.): Wheel base, 100 inches; 
wheel tread, 54 inches; width of body at center, 36 inches; gear ratio, 82 teeth 
on the driving gear; 48 teeth on the driven (ring) gear; wheels revolved 1% 
times to each revolution of the engine; engine is 4V&x6ls and makes 350 
revolutions to the mile; wheels, 34 inches in diameter, equipped with 3 inch 
Cm & J tiros; wheels make GOO revolutions to the mile; tiller steering; manu- 
facturer’s rated horsepower, 30; approximate developed horsepower, 250; plug 
type pistons, no rings; weight of engine, 205 lbs.; boiler was 30 inches in 
diameter and 18 inch deep; it contained 1475 tubes, 33/64 inch O.D.; 20-ga. 
wall thickness, of seamless steel; total heating surface, 285 sq. ft.; steam pres- 
sure, about 1000 pounds per sq. in.; when car was demolished on January 27, 
1907, while traveling at over 190 miles per hour, the steam pressure was 1300 
pounds; the burner was Stanley’s vaporizing, slot grate type; gasoline fuel 
was vaporized and burned as gas; mixing tubes consisted of four of the Venturi 
type; fuel feed was from two pressure tanks, 180-lb. air pressure on fuel; brakes 
were 2-band, external, one on each driving axle next to differential gear. In 
addition, two internal expanding brakes were mounted on the rear wheel hubs. 
Engine had Stephenson link motion for variable cutofT and reverse. The 
largest cross-section presented by the body, including the wheels, was only 
9 square feet. 



WORLD’S RECORD BREAKING 
STEAM ENGINE 

Shown here is the Stanley Steam Engine used by Fred H. 
Marriott when lie broke the world's speed record in his Stanley 
racer. This historical engine is now in the Smithsonian Insti- 
tution at Washington, I). C. 
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Family resemblances among “automo- 
tive” vehicles are often quite subtle. Wheels 
—and the fact that the vehicles are self- 
propelled — seem to form the sole common 
denominator of off-the-highway earthmov- 
ers, automobiles and fork-lift trucks, to name 
a few well-known members of the breed. 

From the designer’s viewpoint, however, 
vehicle differences usually prove to be mat- 
ters of functional emphasis, not engineering 
principle. Whatever the vehicle purpose, 
study of forces and motions guides layout 
of best steering, braking and drive systems. 

Mechanics of vehicle motion are outlined 
and correlated in this series. Terminology, 
for the most part, will be familiar to the 
engineer-owner of a passenger car. Caster, 
camber and toe-in, for example, are prac- 
tically everyday words for describing wheel 
orientation with the ground. 

Motion of wheels . . . control and sta- 
bility . . . static and dynamic forces . . . 
accelerated and decelerated motion . . . 
performance prediction . . . these subjects 
form the backbone of the presentation. Em- 
phasis throughout will be on principle rather 
than on specific design problems. 


By Jaroslav J. Taborek* 

Development Engineer 
Towmotor Corp . 



tide with a look at physical laws governing pro- 
gression of the rigid rolling wheel. From this sim- 
ple case, the analysis is extended to the more com- 
plex behavior of the flexible or rubber-tired wheel. 


Rigid Wheels 

Although the primary function of the wheel is 
to reduce friction, the existence of rolling motion 
depends, paradoxically, on the presence of high 
values of static friction. By experience, motion of 
a wheel takes two forms : 

1. Sliding, as for any other pushed or pulled 
body. 

2. Rolling, defined as the progressive motion of 
a cylindrical body in which the instantaneous 
contact point has no motion relative to the 
ground. In rolling, translatory speed of the 


T RACTIVE forces for primitive transport ve- 
hicles — the oxcart is an ancient example — 
were externally applied. For such towed ve- 
hicles, the fundamental purpose of the wheel served 
admirably: while providing ground support for the 
body structure, it replaced high-friction sliding 
with the much easier rolling motion. 

The self-propelled vehicle, on the other hand, 
demands certain additional characteristics from the 
rolling wheel: it is required to transform torque 
originating within the vehicle to a propelling thrust 
while, at the same time, providing high frictional 
resistance to side forces. This last characteristic — 
resistance to side thrust — permits effective direc- 
tional control of the vehicle from within its struc- 
ture. 

Survey of vehicle mechanics begins in this ar- 

•Now Research ahd Development Engineer, Phillips Petroleum 
Oo.. Bartlesville, Okla. 
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Rotation 




Fig. 1 — Tractive force on a rolling wheel 
can be an external towing force (left) or 
result from an internally developed torque 
(right). Rolling continues as long as the 
tractive force remains within limits of the 
static- friction force. 
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Motion of Wh 

• rolling resistance 

• wheel slip 

• braking stability 

• coefficient of adhesion 



wheel center equals the circumferential or tan- 
gential speed of the wheel rim. 

The question remains: under what physical con- 
ditions can each type of motion be expected? Roll- 
ing of a wheel depends ultimately upon the exist- 
ence of a static frictional force acting at the ground 
contact point so as to prevent the wheel from 
sliding. If the frictional force is too low to bal- 
ance the tractive force, rolling cannot be main- 
tained and the wheel starts to slide. 

Static Friction: Coulomb’s friction law offers 
a mathematical explanation for the rolling proc- 
ess and permits calculation of the limiting condi- 
tions. In equation form, the relationship is 

F — Wfi (1) 

The coefficient of friction ^ can assume two dif- 
ferent forms: , a 8f the coefficient of sliding friction, 
and the coefficient of static friction. From equi- 


Nomenclature 

B — Braking force, lb 
E = Energy, ft-lb 
F — Frictional force, lb 
/ = Coefficient of rolling resistance 
f 0 — Coefficient of rolling friction, in. 
g = Acceleration of gravity, ft per sec 2 
M = Torque or moment, ftr-ft 
m — Mass, lb-sec 2 per ft 
P — Propelling or tractive force, lb 
R r — Rolling resistance, lb 
r = Rolling radius, ft 
$ = Wheel slip, per cent 
v — Velocity, ft per sec 
W = Weight, lb 
H = Coefficient of friction 
fi 0 = Coefficient of static friction 
ft, = Coefficient of sliding friction 
w = Angular velocity, rad per sec 


librium of forces, Fig. 1, and according to Equa- 
tion 1, the condition for rolling motion is 

Rmax < Wfl 0 (2) 

As this equation shows, rolling motion of a wheel 
exists as long as the tractive force P remains 
smaller than the static-friction force. 

Principal distinction between rolling and sliding 
of a wheel lies in its effective utilization of fric- 
tional ground forces. Coefficients of static fric- 
tion, having higher values than coefficients of slid- 
ing friction, permit greater forces to be transmitted 
by a rolling wheel than by a sliding one. This is 
especially important during braking. The rolling 
wheel can also maintain its direction of travel, 
while a sliding wheel is directionally unstable. 

The propelling force can assume two different 
forms : 

1. External force, either pulling or pushing, act- 
ing at the wheel center. 

2. Internal force, originating within the vehicle 
itself and translated as torque to the driving 
wheels. The frictional reaction of the ground 
is then the actual driving force. 

In rolling motion it is unimportant whether the 
force acts on the wheel center or on its periphery. 
The internal traction force of a self-propelled ve- 
hicle is, however, directly limited by the available 
ground friction, and torque in excess of this limit 
is ineffective as propelling agent. Obviously, the 
ultimate limit on vehicle performance is set by 
the capacity of the wheels to create the necessary 
frictional connection with the ground. 

Equation 2 can be rewritten to give the maxi- 
mum internal torque that can be transferred to 
the ground by a wheel: 

= r'W fi 0 ( 8 ) 

Rolling Resistance: For sliding motion, the fric- 
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Fig. 2 — Rigid wheel rolling on plastic 
ground. Coefficient of rolling resistance f 0 
has the dimension of length. 


tronal force Wjx 8 is the motion-resisting force to 
be overcome by traction. Static friction W )i 0 is for 
the rolling wheel only a limiting force and other- 
wise does not participate in the actual rolling mo- 
tion. The force opposing the rolling progression 
or a wheel is called rolling resistance. 

sl wheel of weight W pulled at its pivot point 
by a tractive force P is shown in Fig. 2. In ac- 
cordance with general physical deductions on roll- 
ing resistance, the wheel, considered rigid, forms 
a deformation in the ground. Acting at the pres- 
sure center of the ground contact area is force N. 
This force can be resolved into a vertical com- 
ponent, forming equilibrium with wheel weight W, 
and a horizontal component, representing the roll- 
ing resistance R r . Considering the height of the 
ground deformation negligible compared to the 
rolling radius r, the equilibrium equation around 
the action point of the ground force is 



Here, the proportionality factor f 0 is the coeffi- 
cient of rolling friction. Its value is determined 
by the nature of the contacting materials. Dimen- 
sion of the factor is a length, which has a certain 
physical significance as the lever arm represented 
by the hypothetical horizontal distance between 
the point of application of the ground reaction 
force and the vertical axis through the wheel cen- 
ter (Fig. 2). Accurate measurements of f 0 are dif- 
ficult to make, and generally accepted data are 
scarce. 


Elastic Wheels 

Behavior of an elastic wheel, such as the rubber 
tire, will not exactly follow the general laws of 
friction and rolling that have been developed for 
the rigid wheel. The important difference is in 
the type of ground contact. On a rigid wheel, 
ground contact is ideally a line; on a rubber tire, 
it becomes a relatively large area, Fig. 3. 

Rolling Resistance: Determination of rolling re- 


sistances for rubber-tired vehicles, because of 
wheel elasticity, requires variation in the approach 
developed for the rigid wheel. For the elastic 
wheel. Equation 4 can be written 

R T = Wf ( 5 ) 

where rolling resistance R r is simply a function 
of the radial weight W and of a dimensionless fac- 
tor f, which is the coefficient of rolling resistance. 
This coefficient is itself a complicated function 
of the rolling radius, as well as of the materials 
and elastic qualities of wheel and ground. 

Wheel Slip: Tests show that static friction of 
an elastic wheel reaches maximum, not for the 
theoretically required state of pure rolling, but for 
partial sliding. The symbol 5 denoting slip is in- 
troduced as a means of defining the proportion 
(in per cent), of sliding to rolling: 

s = ^ J X 100 (6) 

where v is translatory and is peripheral wheel 
speed. 

Sliding can assume two different forms: (1) 
where a locked wheel is pulled over the ground 
(as in braking), and the translatory speed is 
greater than the speed of rotation (u>rw); or 
(2) where the wheel is turning without equivalent 
translatory progression (as in accelerating on 
slippery ground) and rw>v. 

Rolling radius r is usually assumed to be the 
loaded radius of the tire at static nominal load. 
This approximation is accurate enough for per- 
formance calculations. However, the actual rolling 
radius will be larger due to centrifugal force ef- 
fects, especially at high speeds and on low-pres- 
sure tires. 

Tire Deformation: Observation of the rolling of 
a rubber tire on rigid ground shows that contrac- 
tion of the tire surface must take place because 
the chord of the projected tire-contact area is 



Fig. 3 — Elastic wheel (rubber tire) roil- 
ing on rigid ground. Pressure distribu- 
tion in the tire footprint is asymetric. 
Contraction of the tire periphery gives 
the effect of tire slip. 
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obviously shorter than the arc of the undeflected 
tire, Fig. 3. Pressure distribution in the tire foot- 
print is shifted in the travel direction, and a pro- 
nounced surface elevation of compressed tire par- 
ticles is formed behind the ground contact area. 
The contracted part of the tire surface will ex- 
pand again after it passes the ground-contact 
area through the action of its elastic forces. This 
expansion is, in fact, a sliding motion, resulting in 
retardation of the translatory speed against the 
speed of rolling and may be called the deforma- 
tion slip. Every torque transfer through a tire 
will therefore result in a certain slip and vice 
versa. Contrary to the behavior of the rigid wheel, 
where the highest static friction is reached with 
zero slip, the maximum transferable force through 
a pneumatic tire is reached somewhere between 
10 and 20 per cent slip. According to some experi- 
mental data, 20 per cent is the limit of deforma- 
tion slip, since the coefficient of friction reaches 
maximum at this point. Further increase of slip 
results in an unstable condition, with ^ values 
falling rapidly to pure sliding value fx 8 . To empha- 
size the particular behavior of the elastic wheel, 
the coefficient of friction for rubber tires has been 
more appropriately called coefficient of road ad- 
hesion. 

Resultant Friction Forces: Mechanics of fric- 
tional forces on a rubber tire can be illustrated 
by an example. The right side of Fig. 4 is a sche- 
matic top view of a tire transferring a braking 
force B in the rolling direction and a side force S , 
perpendicular to the rolling direction. These con- 
ditions may exist, for example, in a car being de- 
celerated on a curve. Limits of frictional forces 
are proportional to available jx values and are 
represented as circles to indicate that the tire has 
no preference regarding the direction of the fric- 
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tional force it is transferring. 

Forces B and 3 form a vector resultant R. As 
long as R stays inside the circle fx 0 , rolling will ex- 
ist. Should either B or S increase to the point 
where R cannot be contained by fx 0 , the friction will 
fall very rapidly to ^ values and the wheel will 
start to slide. Side force fit, which then cannot 
be maintained, disappears entirely; B loses its 
previous direction of rolling and is opposed only to 
the instantaneous motion. 

These considerations are significant in the brak- 
ing of a vehicle. Locked wheels result in the utili- 
zation of lower fig values and the complete loss 
of rolling resistance as a decelerating force. Fur- 
thermore, and this is even more important, the 
locked wheel loses its ability to absorb side thrust 
and becomes directionally unstable. 

Stability in Braking: Side thrust can be created 
by centrifugal force, road side elevation, asym- 
metrical weight distribution in the vehicle or by 
uneven distribution of braking forces. If, on a car 
equipped with four-wheel brakes, the wheels on 
one axle become locked, Fig. 5, these wheels lose 
their side thrust absorbing capacity, and all the 
reaction is taken by the other axle. This action re- 
sults in the following stability conditions: 

1. For locked rear wheels, Fig. 5a, inertia force 
mb of the moving vehicle, acts as a pushing 
force leaning on the front wheels. Any de- 
viation from symmetric weight distribution 
will create a self-increasing turning moment 
around the front-axle center. The condition 
of locked rear wheels must, therefore, be 
avoided by proper brake-force distribution. 

2. If front wheels are locked, Fig. 5b, a turning 
moment around the rear-axle center is pro- 
duced. This is a self-stabilizing effect, since 


Fig* ^ Coefficient of road adhesion as a function of tire slip. Maximum ordinate 
value— static coefficient h „— is reached between 10 and 20 per cent slip. Higher 
angles result in an unstable condition, with tire action rapidly changing to pure 

slip and frictional co- 



efficient fig. 

View of tire foot- 
print shows resultant 
R of braking force B 
and side force 5. Cir- 
cles represent forces 
transferable by roll- 
ing and sliding and 
are proportional in di- 
ameter to fi 0 and fig. 
Resultant R must not 
exceed fi 0 if rolling is 
to continue. 





Fig. 5 — Direction stabil- 
ity of a vehicle with 
four-wheel brakes. In a, 
rear wheels are locked, 
resulting in disappear- 
ance of the side-force re- 
action on the rear axle. 
Inertia force of the ve- 
hicle acts as a pushing 
force, and any asymet- 
rical weight distribution 
(distance e) creates a 
self-increasing turning or 
skidding moment. In b, 
front wheels are locked. 
Inertia force acts as a 
pulling force with self- 
stabilizing effect. 
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the inertia force is acting as a pulling force. 

Coefficient of Road Adhesion: Measurement of 
the coefficient of road adhesion, Table 1, is diffi- 
cult and has shown great variation because of the 
many variables that are difficult to control and 
define. Nevertheless, theoretical analysis of the 
physical processes involved leads to better under- 
standing of the general problem of vehicle traction. 

Following are the principal factors that affect 
the road-adhesion coefficient: 

Ground-Surface Material: Asphalt, concrete 
and stone pavement are the usual running surfaces 
for highway vehicles, and their respective p values 
under dry conditions are very similar. Off-the- 
road vehicles, however, will operate on surfaces 
ranging from earthen roads to deep mud and snow 
of varying consistency, and the undefined struc- 
ture of these materials will permit ^ determination 
only as an approximate average value. 

Ground Surface Condition : State of lubrication 
of the surface, usually caused by rain, is the prin- 
cipal factor to be considered. Widely varying ^ 
values in the literature for wet highways are ex- 
plained by the tendency of some materials, es- 
pecially stone pavement and certain kinds of as- 
phalts, to form when slightly wet an exceedingly 
slippery layer of dust and dispersed oil particles. 
This layer is usually washed away by heavier rain, 
and a new condition may be created where fx values 
again approach those for the dry surface. 

Tire Design: The elasticity of the tire, deter- 
mined mainly by the inflation pressure and the 
tread pattern, are the most important factors. In- 
fluence of these tire characteristics on traction is 
complex, and a generally accepted solution is un- 
likely. Certain trends, however, are apparent. Fine 
lamination of the tire surface delivers superior 
traction on a hard, smooth surface like asphalt, 
while for deep, soft ground (snow and mud) wide, 
deep diagonal ribs give the best performance. Dif- 
ferences in tractive performance between existing 
competitive products, despite advertising claims, 
are rather minute. Dependable technical data for 
comparison purposes are practically nonexistent. 


Of major importance is the fact that traction is 
usually paid for by an increase in rolling resistance 
and by inferior wearing properties. The practical 
solution is a compromise between these irreconcil- 
able demands. 

Driving Speed: A definite decline of jx with in- 
creasing speed has been established. However, no 
specific agreement on numerical values is likely 
due to the intricacy of high-speed measurements 
under the disturbing influences of tire vibration, 
road shock and uplift forces. 


Table 1 — Average Coefficients 
of Road Adhesion 


Surface 


Mo 

M* 

Asphalt or 
Concrete 

(dry) 

0. 8-0.9 

0.75 

Concrete 

(wet) 

0.8 

0.7 

Asphalt 

(wet) 

0.5-0. 7 

0.45-0.6 

Gravel 


0.6 

0.55 

Earthen Road 

(dry) 

0.68 

0.65 


(wet) 

0.55 

0.4— 0.5 

Snow 

(hard packed) 

0.2 

0.15 

Ice or Sleet 


0.1 

0.07 



Fig. 6 — Dynamics of rolling motion. 


8 



iire Slip: From the function of g versus slip 
(Fig. 4), two representative values are usually 
given, maximum friction g 0 and pure slip g 8 . 

Selection of Road Adhesion Coefficient: The 

variety of factors influencing frictional forces, and 
the impossibility of accurately standardizing them 
usually means that only average g values for rep- 
resentative conditions can be considered. Quality 
and condition of the surface are the important 
variables, while the influence of speed and tire de- 
sign is normally neglected. 

Choice of g values for calculation of maximum 
transferable brake or traction force should be made 
with sufficient margin for the inevitable side forces, 
since the tire must transfer the vector resultant of 
both traction and side forces. As a safety factor, 
values for sliding friction g 8 are used, rather than 
the larger g 0 values. 

Further simplification is often necessary since 
vehicles will operate on varying surface types. Only 
the general surface category (highway or off-the 
road) is normally established. Accepted values of 
fi e for highway vehicles are between 0.6 and 0.7. 

For checking strength of transmission parts and 
brake systems, the opposite approach is indicated, 
and the highest possible g 0 values are assumed. 
Good practice calls for the choice of 1.0, a 
value which has frequently been observed under 
favorable conditions. 


Dynamics of rolling motion: If torque M of vary- 
ing magnitude is applied to a wheel with weight W 
and polar moment of inertia I, Fig. 6, the resulting 
motion may have characteristics outlined in the 
following sections. 

Acceleration: For calculation of the tractive 
force necessary to accelerate the wheel, use is made 
of the energy theorem: change in the kinetic energy 
of a moving body equals work performed by forces 
acting on the body in the drive direction. The 
relation is 

dE = (P - R r )(te (?) 

where dE is change in the energy and ds is the 
elementary distance. Energy of a moving wheel 
consists of translatory and rotating components, or 

mv 2 / w s! 


Consequently, after differentiation 

dE — mv dv + 7o> du (g 2) 

Substituting this result in Equation 7 and rear- 
ranging, remembering that v ~ wr, 

u dv ( m + ~ ) = (P - R r )ds (8.3) 


Since v _ ds/dt and a — dv/dt, tractive force 
required to produce the acceleration is then 


M 

P = — 


r 


= a 


(JL + -L N 

\ g r 2 


+ R r 


(9) 


After substitution of Equation 5 into Equation 9, 
it can be demonstrated that the maximum ac- 
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celeration that can be imposed on a rolling wheel is 


„ - g{fi 0 — f) 

u max — — — — / Q 1 ) 

(W/g) + (//r2) 1 + (fc/r) 2 

The limiting condition for this case is P = W^. 

Motion at Constant Speed: In this case, trac- 
tive force will balance only rolling resistance, and 



( 10 ) 


Limits of Transferable Forces: Increase of 
tractive force above the limit set by static friction 
will result in sliding motion of the wheel. Sliding 
friction then becomes the actual motion resisting 
force, or 


Braking : If a decelerating or braking moment is 
acting on the rolling wheel, it will be aided by the 
rolling resistance. The maximum braking force 
transferable is then 


^mai — w (Po + /) (12) 

If the limits of the static friction are exceeded, 
the wheel starts to slide, rolling resistance as a 
decelerating force disappears and the maximum 
braking force becomes 


In the next part of this series, tire action in cor- 
nering, wheel-ground orientation and the me- 
chanics of directional control will be examined. 
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Cornering 


By Jaroslav J. Taborek* 

Development Engineer 
Towmotor Corp. 
Cleveland 


as they pass the ground-contact area, are forced 
to travel sideways in addition to their rolling pro- 
gression. Conversely, the tire will develop a corner- 
ing force only if its path of travel deviates from 
the true direction of rolling. Cornering force is, 
in fact, proportional to the angle of deviation or 
slip angle. 


D IRECTIONALLY stable maneuvering of self- 
propelled vehicles presupposes the ability of 
tires to support side forces developed by cen- 
trifugal effects, side winds and road-bank eleva- 
tions. Research in the mechanics of tire cornering 
is of relatively recent date, and advanced develop- 
ment is still in process. The unusual complexity 
of the subject permits treatment here of only basic 
principles. Detailed considerations are presented 
in references given at the end of the article. 


Tire Action in Cornering 

Rigid wheels give sufficient stability to a low- 
speed vehicle steered by outside forces. The horse 
and carriage is an example. An automotive vehicle 
steered from within, on the other hand, maintains 
directional stability at high speeds only by utiliz- 
ing the much higher side-thrust capacity of a 
rubber tire. 

Cornering Forces: Rolling motion of a wheel J s 
obviously possible only in i(s longitudinal plane. 
If by action of external side forces, the travel 
direction of a wheel is forced to deviate from true 
rolling direction, the rubber tire counteracts with 
a frictional-reaction or cornering force, Fig. 7. 
Condition for its existence is an area ground 
contact, which contrasts with the linear contact 
of a rigid wheel. The tire cornering force originates 
in the elastic forces of rubber-tire particles which, 


Necessary consequence of this phenomenon is 
that the course of a vehicle negotiating a curve 
must differ from the theoretical path of rolling 
by the value of slip angle required to create the 
necessary cornering force. The relation between 
slip angle and cornering force gives rise to the 
practice where front or steering wheels are turned 
in toward the center of the vehicle at a small 
angle called the toe-in angle. For straight-ahead 
driving, toe-in angle is actually slip angle. This 
angle enables the steered wheels to absorb side 
thrusts and road shocks without deviating from a 
straight course. If the same deflecting forces act 
on a wheel without toe-in, the tire must create 
its slip angle with consequent directional change. 

It is of fundamental importance that the hypo- 
thetical action point of the cornering force fall 
(in relation to the travel direction) behind the 
projected wheel center. The cornering force then 
exerts on the tire a horizontal torque which tends 



Fig. 7 — To balance 
side thrust C, the 
rubber tire devel- 
ops a cornering 
force S when its di- 
rection of travel 
deviates from the 
true rolling plane 
by slip angle 


•Now Research and Development Engineer. Phillips Petroleum 
Co.. Bartlesville. Okla. 
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and Directional Control 


• cornering forces 

• seif-aligning torque 

• wheel-ground orientation 

• static-steering torque 


to decrease the existing slip angle and therefore 
realigns the directions of rolling and actual travel. 
This particular effect of cornering force is known 
as the self-aligning torque . 

Factors Influencing Cornering Force: From the 
physical origin of cornering forces, factors in- 
fluencing its magnitude can be deduced. Tire be- 
havior in cornering is usually represented by char- 
acteristic curves like those shown in Figs. 8 through 
12. These curves are presented to emphasize char- 
acter of the functions rather than actual numeri- 
cal values. 

Principal factors affecting the cornering force 
are presented in following sections. 

Sup Angle: Cornering force is proportional to 
slip angle, Fig. 8. The function is practically linear 
up to about 5 deg slip; it then flattens out and 
reaches maximum value where the tire starts to 
skid. To aid comparison of cornering behavior of 
different tires, the factor cornering power , defined 


as cornering force per deg slip angle, has been 
introduced. The cornering power of an average 
passenger-car tire is about 150 lb per deg slip 
angle. 

Radial Load: Cornering force, since it is basi- 
cally frictional in character, is proportional to 
the radial weight acting on the wheel. Tire defor- 
mation and changes in contact-area pressure dis- 
tribution cause the function to deviate from the 
theoretical straight line. Maximum value falls near 
the nominal load point, Fig. 9. 

For better comparison purposes, the combined 
factor, cornering coefficient , was created, defined 
as cornering power per unit vertical load. This 
factor is used as a true measure of the interrela- 
tion between load and cornering ability. The form 
of the curve indicates that relative cornering ca- 
pacity declines with higher loads or, in other 
words, the more load a tire carries, the less effec- 
tive it is in supporting side forces, Fig. 10. 

Camber Angle: A cambered wheel — one with 




Per Cent Nominol Load 

Fig. 9 — Cornering force as a 
function of radial load (3-deg 
slip angle). Tire deformation 
and changes in footprint pres- 
sure distribution cause function 
to deviate from the theoretical 
straight line. 
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its plane of rotation angled away from the per- 
pendicular — would follow a circular rolling path 
if not restricted. Direction of travel of a cambered 
wheel on a vehicle therefore deviates from its 
natural rolling path, creating a slip angle and, 
consequently, a cornering force. Value of this 
force is, for the usual camber angles of about 1 
deg, relatively small. It subtracts or adds to the 
cornering force due to the centrifugal effect, de- 
pending on whether the camber inclination is 
toward or away from the inside of the curve. 

Inflation Pressure: Increase in side-wall stiff- 
ness accompanying higher inflation pressures re- 
sults in an increase in cornering power. Higher 
inflation pressures are therefore often used to 
achieve better cornering effects, Fig. 11. 

Tire Size : Small tires have relatively higher cor- 
nering ability than large tires (per pound of load 
capacity ) . This accounts in part for the prefer- 
ence for small dual tires rather than single large 
ones. 

Speed: Cornering force has been found inde- 
pendent of speed. 

Self- Aligning Torque: An important factor in 
steering behavior is self-aligning torque. Usually 
represented as a function of the slip angle, this 
factor shows a maximum around 5 deg slip angle, 
followed by a steady decline. For very high slip 
angles it reaches negative values. 

The relation between cornering force and self- 
aligning torque is illustrated in Fig. 12. After 
the self-aligning torque has reached a positive 
maximum, it reverses and reaches a new high in 
the negative direction. Cornering force steadily 
increases with slip angle until the skidding limit 
JF/a is attained, Fig. 13. The average driver will 


N omenclature 


A — Area, sq in. 
b = Nominal tire width, in. 

C = Centrifugal force (side thrust), lb 
c — Action arm of cornering force, in. 
e = King-pin offset (projected distance on the 
ground), in. 

h = Effective moment arm of steered wheel, in. 
I 0 — Polar moment of inertia of tire footprint, 
in. 4 


k — Polar radius of gyration of tire footprint 
area, in. 

M ik = Moment around king pin due to king pin 
inclination, lb-in. 

= Moment around king pin required to turn 
one stationary wheel, lb-in. 

M t = Static steering moment around footprint 
center, lb-in. 

5 = Cornering force or side thrust, lb 

= Side forces (subscripts i and o refer to in- 
side and outside wheels, respectively), lb 

W — Weight or load, lb 
a ~ Steering angle, deg 

6 = King pin inclination, deg 
^ = Slip angle, deg 

fi t = Coefficient of sliding friction 
fi ~ Effective coefficient of friction of a steered 
tire 



0 50 100 150 200 

Per Cent Nominal Load 


Fig. 10 — Cornering 
coefficient (cornering 
power per unit radial 
load) as a function of 
radial load. Curve 
shows that the ability 
of a tire to support 
side thrust decreases 
as the load it carries 
increases. 



PerCent Nominal 
Inflation Pressure 


Fig. 11 — Cornering 
power as a function of 
inflation pressure. 



Fig. 12 — Self-aligning torque as a function of slip 
angle. At high slip angles, self-aligning torque be- 
comes negative, acting in a steer-angle increasing 
direction. Radial load and inflation pressure, be- 
cause they determine footprint area, have an effect 
on self-aligning torque. 



Fig. 13 — Relationship between cornering force and 
self-aligning torque. Average driver can handle car 
at slip angles to 5 deg, skilled drivers to 12 deg. 
In racing, slip angles become high enough to give 
steer-angle increasing torques. 
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manage the car with slip angles up to 5 deg, skilled 
drivers up to 12 deg. If driving conditions require 
still higher cornering forces, extremely high slip 
angles must be used, and the field of negative 
self-aligning torque is entered. This effect often 
can be observed in auto racing, where the driver 
in a sharp turn steers against the track curvature. 

Inflation pressure and radial tire load have 
an effect on self-aligning torque because of the 
way these variables change the footprint area. 
Higher loads and lower inflation pressures en- 
large the area and the critical distance c (Fig. 7), 
consequently increasing the self-aligning torque. 


Directional Control 

Directional control is defined as the process 
of giving the vehicle a desired course. Handling 
quality is usually understood as the total of rather 
subjective impressions of the driver regarding 
behavior and response of the vehicle to directional 
commands. 

Directional stability, on the other hand, is a 
dynamic property, implying the tendency of the 
vehicle to maintain a given course under the ac- 
tion of disturbing forces and its ability to create 
a new equilibrium condition after the disturbance 
has been removed. Despite the apparent importance 
of the problems of vehicle maneuverability, par- 
ticularly at high speeds, systematic research in 
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this field has been undertaken onlv in the last 
decade or so. 

Wheel-Ground Orientation: The steered wheel is 
suspended to pivot around the king pin. Angular 
position of both wheel and king pin is of basic 
importance with respect to steering behavior and 
steering forces. Simplified illustration of a steered 
wheel is shown in Fig. 14. Description of the 
functions of wheel and king pin angles is given 
in the following sections. 

Toe-In : The Wheel angle with the longitudinal 
axis of the vehicle is toe-in angle. It forms with 
the drive direction an actual slip angle, creating, 
therefore, side-thrust capacity for absorbing side 
shocks from the road and eliminating steering- 
wheel flutter known as “shimmy. ” Too high toe- 
in angles result in excessive tire wear and high 
rolling resistance. Toe-in angle is measured as 
a linear deviation of the wheel rim, with usual 
values of about Vs -in. 

Camber: Angle of the wheel plane with the 
ground is described as camber. Opinions vary on 
its desirability and recommended magnitude. Its 
main purpose is to achieve axial bearing pressure 
and to decrease the king pin offset distance e. 
Camber on passenger cars is between y 2 and 1 deg. 
Too high camber angles promote excessive tire 
wear. 

Caster: King-pin angle in the longitudinal di- 


Comber 
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Fig. 15 — Effect of king-pin inclination on 
steering. When wheel is turned around the 
inclined king pin, the axle is lifted, creating 
an unstable condition. Return to equilibrium 
is a self-aligning effect. 



Fig. 16 — Actual turning center of a steered 
wheel is the intersection of the king-pin 
axis with the ground. Steering motion of 
the wheel around this point combines wheel 
sliding and rotation. 


rection is caster. It is positive if the ground inter- 
section point relative to the travel direction is 
ahead of the projected tire center. Caster is used 
for the self-aligning effect it produces. Usual val- 
ues are between 3 and 5 deg positive. On rear- 
axle steered vehicles, negative caster is applied. 

King-Pin Inclination: King pin angle 6 , per- 
pendicular to the direction of rolling, is king-pin 
inclination. This angle is used mainly to decrease 
king pin offset e and to achieve the self-aligning 
effect. When a wheel with an inclined king pin 
is turned, the whole axle must be lifted. The mo- 
ment required to keep equilibrium at the steer 
angle « can be calculated from Fig. 15, as 

eW sin 0 (1 — cos a) 


The lifted axle represents, however, an unstable 
condition. When it trys to regain the low, stable 
position, a self-aligning torque is created. For 
the usual king pin inclination angles (about 6 
deg) the self-aligning torque is relatively small. 

Steering the Stationary Vehicle: The first prob- 
lem in directional control is steering of the sta- 
tionary vehicle. Fig. 16 shows the top view of a 
steered tire and king pin. Torque M 9 required to 
turn the tire around its projected center S is the 
integral of the frictional forces of the footprint 
area. It can be calculated as 

M , = fig Wk ( 15 ) 

where fx s is the coefficient of sliding friction, W 



Fig. 17 — Static-steering friction coefficient (sta- 
tionary vehicle) as a function of ratio of king- 
pin offset to nominal tire width. 
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the radial load and k the polar radius of gyration 
of the footprint area. 

Center of rotation, which is the hypothetical 
intersection of the king pin with the ground (point 
KP ), is usually located at a distance e from the 
footprint center. Consequently, turning of the wheel 
around this point will not be pure sliding, but 
rather combined rolling and sliding. The rolling 
component will increase with larger e values. The 
effective torque arm becomes 

h = Ve 2 + k 2 (16.1) 

and the torque necessary to turn the wheel is 
M k = fiWh (16.2) 

Here, the effective friction coefficient ^ is a func- 
tion of distance e and of tire size. Approximate 
values of ^ on dry concrete = 0.70) are repre- 
sented in Fig. 17 as a function of the factor e/b, 
where b is the nominal width of the tire. 

Values of k can be calculated from the actual 
tire footprint, which in turn, is a function of in- 
flation pressure and radial load. In rough approxi- 
mation, the footprint area is a circle, and for 
nominal tire load conditions, the diameter of this 
equivalent circle can be assumed equal to the 
nominal tire width b. The value of k can be then 
calculated from 



where A is the area of the footprint, and I 0 the 
polar moment of inertia of the area. 

Static torque M k is proportional to p and e, 
while /jl itself decreases with larger e values. This 
indicates that an optimum king pin distance e 
must exist for which M k will be minimum. This 
calculation was performed for a 7.60 x 15 tire and 
is shown in Fig. 18 as M k /W, a function of e. The 
curve declines rapidly at first, then flattens off 
and finally rises again slightly. The design op- 
timum for e is near the region where the rapid 
rate of change of MJW flattens out. Higher e 
values give only negligible decline in static steer- 
ing torque and, in addition, exaggerate the highly 
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6»(in.) 


Fig. 18 — Static-steering torque per unit ra- 
dial load as a function of king-pin offset. 


undesirable effects of road shocks. Actual design 
usually takes a compromise between the two re- 
quirements. 

From the calculated torque M k , the drag link 
force D necessary to produce this torque can be 
calculated from the geometrical relations of the 
steering linkages. 

In the next part of this series, such calculations 
are illustrated for representative manual and pow- 
er-steering linkage assemblies. 
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Fig. 20 — Rear-axie steer- 
ing with center-point 
linkage. Handforce H ap- 
plied to steering wheel 
produces drag-link force 
D, which is force- nec- 
essary to overcome steer- 
ing resisting moment M k 
on the stationary' vehicle. 


By Jaroslav J. Taborek* 

Development Engineer 
Towmotor Corp. 
Cleveland 




V EHICLE steering geometry is characterized 
by a wide variety of linkage forms, Fig. 19. 
Two problems are basic in the design of 
such assemblies: (1) steering or “cramp” angles 
must be made sufficiently high for vehicle maneu- 
verability without exceeding practical limitations 
on linkage size, and (2) camber angles must re- 
main substantially constant as the wheels pass 
over a bump. Most common of the systems shown 
are the center-point linkage } Fig. 19d, and the 
spindle-lever linkage , Fig. 19/. 

•Now Research and Development Engineer. Phillips Petroleum 
Co., Bartlesville, Okla 
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Steering Forces and Stability 


• steering geometry 

• drag-link forces 

• power steering 

• ground forces and stability 


Linkage Forces: Analysis of a typical center- 
point linkage, Fig. 20, shows drag-link force D 
to be 


(18) 

where drag-link angles f3 and y are usually small 
enough to be neglected (less than 15 deg). 

For center-point linkage, the steering linkage 
ratio £ 8 can, for simplification be expressed as 



d cos ft cos y V a 




o' 


a 


+ 



(19) 


Substituting this relationship in Equation 18, and 
assuming cos /3 — cos y ~ 1.0, 


M k 

d 


( 20 ) 


which is a simplified expression for the drag-link 
force. 

Summing moments at the gearbox output shaft 
G and using the results of Equation 20, 

M g = Dp = - MkVU - = (21) 

9 d 2 


Similar analysis for the spindle-lever linkage, 
Fig. 21, shows the drag-link force D to be 


D — ( l 4- — — ) 

d cos ft cosy V a ' 

Steering-gear linkage ratio is 

b 

U = 1 + — 


( 22 ) 


(23) 


which, when substituted into Equation 22, gives 


d 


(24) 


Summing moments as before at the gearbox out- 
put shaft, 


M g - Dp = 


M k P 
d 


Zg Vg 
~ 2 


(25) 


which is identical to the relationship derived for 
the center-point linkage. 


Nomenclature 

A = Area, sq in. 

a, a ' = Steering-linkage lever arms, in. 

= Decelerating forces (subscripts i and o re- 
fer to inside and outside wheels, respec- 
tively), lb 

b t = Nominal tire width, in. 
b } b' = Steering-linkage lever arms, in. 

C = Centrifugal force as side thrust, lb 
c = Action arm of the cornering force, in. 

D = Drag link force, lb 
d = Steering lever arm, in. 
d p — Hydraulic-cylinder diameter, in. 
d r = Piston-rod diameter, in. 
e = King -pin offset (projected distance on the 
ground), in. 

h = Effective moment arm of steered wheel, in. 
F — Power-steering cylinder force, lb 
H = Manual steering effort (handforce) on the 
wheel, lb 

I 0 — Polar moment of inertia of the tire foot- 
print, in. 4 

k = Polar radius of gyration of the tire foot- 
print area, in. 

M g = Torque on the steering-gear output shaft, 
lb-in. 

M ik — Moment around the king pin due to king 
pin inclination, lb-in. 

M k = Moment around the king pin required to 
turn one stationary wheel, lb-in. 

M t — Static steering moment around footprint 
center, lb-in. 

P p — Pump power, hp 
Q “ Flow rate, gpm 
8 = Cornering force or side thrust, lb 
S i} S 0 = Side forces (subscripts t and o refer to in- 
side and outside wheels, respectively), ID 
S v = Force required to actuate valve, lb 
t = Steering time, sec 
W ~ Weight or load, lb 
a ~ Steering angle, deg 
e = King pin inclination, deg 
~ Linkage reduction ratio 
= Steering-gear reduction ratio 
^ = Slip angle, deg 
(x t — Coefficient of sliding friction 
fi ~ Effective coefficient of friction of a steere* 
tire 

t j g — Steering gear efficiency 
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Fig. 21 — Spindle-lever linkage with power-steering accessories (Ben- 
dix). If handforce applied to the steering wheel exceeds the force re- 
quired to operate the control valve, the manual-steering force sup- 
ports efforts of the power cylinder. 



Fig. 22 — Manual-steer- 
ing calculation chart, 
representing Equation 
21 . 
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Relationship among the principal steering-link- 
26 a £ e design variables — that is, a plot of Equation 
21 — is given in Fig. 22. Use of the chart to de- 
termine steering-linkage parameters is illustrated 
by Example 1. 

In an evaluation of steering linkages, a plot of 
steering-gear torque M 9 as a function of steering 
angle is useful, Fig. 23. A good steering layout 
gives no more than 15 per cent variation in M ff 
between extreme wheel positions. Should torque 
variations fall outside this limit, steering-linkage 
elements can be altered in length and angular 


STEERING AND STABILITY 

position until the torque-angle curve is as desired. 

Handforce required to steer a stationary vehicle 
is usually restricted to certain arbitrary design 
limits. Generally accepted values — assuming ve- 
hicle operation on smooth, dry concrete — are given 
in Table 2. 

Power Steering: If the manual elTort required 
for steering approaches or exceeds practical limits, 
power steering can be used. Essential elements of 


Example 1 — Steering Force Calculation 


Problem: Calculate all essential elements of 
a steering system for a vehicle with 34 00 lb 
weight on the steering axle. King-pin offset e 
is 2 in.; steering-wheel diameter d w is 18 in.; 
the proposed steering gear has ratio 18:1 and 
65 per cent efficiency. Reduction of the linkage 
reaches maximum for an extreme steering angle. 
At this point, the following data have been de- 
termined (Fig. 20): a = 7.5 in.: b = 10 in.; d — 
9 in.; p = 1 1 in. Tire size is 7.60 x 15. 

Mnniiul-St< k cring Solution: Torque required to 
turn a stationary wheel around the king pin is 
calculated from Equation 16.2 (Part 2). Data 
necessary for use of the equation are determined 
from the conditions of the problem. 

Square of radius of gyration k of the footprint 
area is given by Equation 17 (Part 2) as 

b t 2 7.60 2 

k 2 = = 7.2 sq in. 

8 8 

The effective coefficient of friction p, taken from 
Fig. 17 (Part 2) for a value of the ratio e/B = 
2 7 6 = 0.26, has the value p = 0.12. 

The effective torque arm is given by Equation 
16.1 as 

h = V k 2 ”+ e 2 = Y7.2 + 4 = 3.3 in. 

With one wheel carrying half the axle load, 
the moment around the king pin as given by 
Equation 16.2 is 

M k - pWh = (0.42) (1700) (3.3) 

= 2350 lb-in. 

From Equation 21 or from the chart in Fig. 
22. steering-gear torque and required handforce 
on the steering wheel can be found. Steeraxle 
linkage reduction ratio is found from Equation 
23 as 


U = 1 + 


■ = 1 + 


The total reduction factor as used in the chart 
will be: 

(11) (2.33) 


For the given values, Fig. 22 gives the steer- 
ing grar torque M g = 6800 lb-in. and the hand- 
force H - 65 lb. 

From Fig. 22, it can be seen that the same 


gear torque induced as shock from the steered 
wheels could be resisted by a handforce on the 
steering wheel of only 20 lb. In such a case, 
the reverse input efficiency of the gear (assumed 
to be 50 per cent) will consume part of the 
disturbing torque. 

Should a handforce of 50 lb be desired as ac- 
ceptable maximum, a gear with the ratio of 
24:1 should be used. 

To check for king pin inclination effect, as- 
sume 0 = 6 deg and the steerangle a — 40 deg. 
From Equation 14 (Part 2), 

/ 1 — cos a \ 

M ik = eW sin 6 I ) 

' sin a / 

( 1 - 0.76 \ 

= (2) (1700) (0.1) 

\ 0.64 / 

= 12.8 lb-in. 

which is a negligible torque. 

Puwcr Steering Solution: Steering handforce as 
calculated in the first part of this example may 
be excessive. Power steering can then be con- 
sidered. 

From Fig. 21, the moment equilibrium equation 
around the left king pin is 

M k b ( Ild w \ 

^ 4 - — = + 

bT] c F cos p 

This equation includes the steering supporting 
effect of handforce II > the reaction force of the 
actuating valve (in S) and the efficiency ij r of 
the hydraulic cylinder. The effect of these ele- 
ments is partly compensating and can usually be 
neglected. 

The simplified equation for the required cylin- 
der force is then 


b cos p 


(2350) (2.33) 
(0.94) (10) 


= 600 lb 


An available cylinder has a bore d p = 1.75 in., 
a piston-rod diameter d r — 0.75 in. and a net 
area A on the piston-rod side of 2.0 sq in. 

From the chart in Fig. 26, it is seen that a 
pump will be required that; can deliver hydraulic 
fluid at 400 psi at an approximate rate of 2.25 
gpm. This performance should be achieved at 
a pump speed corresponding to engine idling 
speed. The expected steering time will be be- 
tween 2.5 and 5 sec, which is satisfactory. 
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Table 2 — Steering-Handforce Limits 

Vehicle Ilandforce, II (lb) 

Passenger car 45 

Trucks and industrial vehicles 80 

Very heavy vehicles 100 



Left Turn 0 Right Turn 


Steering Angie (deg) 

Fig. 23— Torque on gearbox output shaft as function 
of steering angle. An example of poor steering-gear 
design is shown at a; torque peaks on one side of 
straight-ahead position. Desirable torque distribution 
is shown at b. Shaded area under each curve repre- 
sents work performed by steering gear and is unaf- 
fected by changes in linkage reduction, gear ratio or 
angular linkage travel. 


the usual power-steering system, Figs. 21 and 24, 
are described in the following sections. 

Double-Acting Hydraulic Cylinder: Integral 
with the steering gear, or mounted as a separate 
booster, Fig. 25, the hydraulic cylinder can act 
on any steering-linkage element. Effective work 
performed by the cylinder is in each case the 
product of force and displacement. Steering work 
is substantially constant for various combinations 
of cylinder diameter, stroke and fluid pressure 
Quality of power steering will, to a large extent, 
depend on the proper balancing of these elements. 
Force required from the cylinder can be calculated 
from equilibrium of moments around an appro- 
priate point (see Example 1). 

Actuator Valve: Flow of hydraulic fluid under 
pressure is directed to the proper cylinder port 
by an actuator valve. The valve can be integral 
with the steering gear, integral with the cylinder, 
or separately mounted in the drag-link line. Wher- 
ever the valve is mounted, its action is the same: 
torque applied by hand to the steering wheel opens 
one valve port, supplying oil under pressure to 
one side of the cylinder. The other port simulta- 
neously directs the return flow from the cylinder 
back to the reservoir. If the handforce acting 
on the steering wheel exceeds the force required 
to actuate the valve, it supports the effort of the 
hydraulic cylinder. 

Hydraulic Pump: Power source for a steering 
system is a hydraulic gear pump which supplies 
a definite volume of hydraulic fluid at the required 
pressure p f . Power to drive the pump can be 
calculated from the general pump equation 

p _ QP/C144) _ Qp f 

” -ij ( 550 ) (449) ~ (1770), <26) 
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where P p = power required (hp), Q = volume 
output (gpm) , p f = pressure (psi) and 77 = total 
efficiency of the pump (usually 70 to 80 per cent). 
Characteristic curves supplied bv pump manufac- 
turers showing the relation between Q and p for 
different pump speeds are, in practical applica- 
tions, often distorted by use of flow-control and 
relief valves. It is therefore advisable to find 
actual pump output by experiment. 

Volume output of the pump will determine the 
time necessary to fill the hydraulic cylinder dis- 
placement. Speed of the cylinder piston should 
be high enough so that it cannot be overtaken by 
a handforce turning the steering wheel with an 
average speed of about 1.5 rev per sec. A good 
power steering design will achieve full turn of the 
wheels in 3 L /2 to 4 l /2 revolutions of the steering 
wheel, giving a total time available to fill the cyl- 
inder of from 2.3 to 3 sec. 

The following equations correlate the variables 
of a power steering system : 


60 (As) 
231(t) 


(27) 


F — Ap = 


p^jd* - d T 2 ) 
4 


(28) 


where Q = rate of flow (gpm), A = effective 
cylinder area (sq in.), d p and d r are cylinder and 
piston-rod diameters (in.), s = piston stroke (in.), 
F — cylinder force (lb), and t — steering time 
for full turn (sec). 

Relations between these interdependent vari- 
ables are represented in a working chart, Fig. 26. 
Co-ordination among the design elements can be 
quickly established by use of this chart. 


Steering Stability 

Forces acting on a tire in the ground contact 
area will exert torques around the king pin and 
consequently affect steering stability of the vehicle. 
The effect can be steer-angle increasing, which 
is an undesirable condition of inherent instability, 
or steer-angle decreasing, which is the desired 
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Fig. 25 — Typical booster-type power-steering in- 
stallations (Vickers). Generally, the advantage of 
the booster-type system is that the force reaction 
on the power cylinder is supported by the vehicle 
frame structure. 
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self-aligning tendency. 

Forces and Stability: Forces that must be in- 
vestigated are: (1) tractive forces, applicable 

when the steered wheels are also the drive wheels; 
(2) decelerating forces, including the always pres- 
ent rolling resistance and the braking force if 
applicable; (3) cornering forces (reaction of the 


tire to side forces) acting perpendicular to the roll- 
ing direction. 

Influence of these forces on steering is shown 
in Fig. 27. The three basic situations are dis- 
cussed in the following sections. 

Straigiit-Ahkad Driving: Tractive or decelerat- 
ing forces, in this case, produce opposite but equal 
moments on left and right wheels, Fig. 27a. 
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Fig. 26 — Power-steer- 
ing calculation chart, 
representing 1: cj u a - 
tions 27 and 28. Pump 
characteristics are ap- 
proximate and can be 
replaced by exact val- 
ues if desired. 


Fig. 27 — Effect of ground-plane forces on steering stability. Tractive or 
decelerating forces on vehicle in straight-ahead motion, a, produce counter- 
balancing moments on opposite wheels. Decelerating forces (braking or roll- 
ing resistance) on the front-axle steered vehicle, b, produce steer-angle in- 
creasing moments, while side forces have a self-aligning effect. Side forces 
on the rear-axle steered vehicle, c, produce a steer-angle increasing moment, 
while decelerating forces generate Self-aligning moments. 

Trove! direction 


V 
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Torques therefore balance and have no effect on 
steering. 

Steered Front Axle: A decelerating force B, 
Fig. 27 b, creates the steer-angle increasing tie- 
rod force B t (e/a) on the wheel on the inside of 
the curve and a self-aligning tie-rod force B 0 (e/b) 
on the wheel on the outside of the curve. As lever 
arm a of the inside wheel is, because of tie-rod 
geometry, always smaller than arm b , the total 
effect of a decelerating force is steer-angle in- 
creasing. The tie-rod force is then 


F b 


B t e 


a 


B u e 
b 


( 29 . 1 ) 


Tractive forces acting in the drive direction will 
produce a self-aligning torque. On front-wheel 
drive vehicles, therefore, less caster angle is nor- 
mally used, since self-aligning effects derived from 
the tractive force are sufficient. 

Cornering forces S of both wheels act in the self- 
aligning sense, producing in the tie rod the force 


F. 


8 c 8 u c 

a b 


( 29 . 2 ) 


Value of the self-aligning torque depends on the 
length of moment arm c. Moment Sc is the self- 
aligning torque commonly called the caster effect. 
This action of the cornering force is important, 
since it overbalances the steer-angle increasing 
effect of rolling resistance. 

Steered Rear Axle: On rear-axle steered vehi- 
cles (or front-axle steered vehicles driven back- 
ward) Fig. 27b, decelerating forces produce the 
self-aligning tie-rod force 


B , e 

F b = 

a 


B 0 e 
b 


( 30 ) 



Fig. 28 — Actual center of rotation of a vehicle 
negotiating a curve falls ahead of the theoretical 
center because of differences in slip angles of 
front and rear wheels. 
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The cornering force, however, creates a steer-angle 
increasing torque, resulting usually in inherent 
instability of the rear-axle steered vehicle. Negative 
caster angle may be applied in such cases, revers- 
ing the rotation sense of the cornering force around 
the king pin. 

Slip- Angle Steering: It has been shown in a 
preceding section that any side force acting on a 
vehicle requires a counterbalancing cornering force 
of the same value. To produce the cornering force, 
the tire will run at a slip angle that is proportional 
to the force required. 

Top view of a vehicle driving in a curve is 
shown in Fig. 28. The theoretical center of curva- 
ture, which for Ackerman steering is on the pro- 
longed rear-axle axis, cannot be maintained if 
the wheels must run at a slip angle. To create 
the slip condition, the actual center of curvature 
is always ahead of the theoretical center. 

If cornering powers of front and rear tires are 
different, or if weight distribution results in un- 
equal side forces on front and rear axles, Fig. 29, 
equilibrium between side-thrust and cornering 
forces will be reached at unequal slip angles for 
front and rear tires. Such an effect can give rise 






Understeered Neutral Oversteered 


Fig. 29 — Effect of slip angles on directional stability. 
Vehicles A, B and C are subjected to identical side 
forces S at different points along the vehicle cen- 
terlines. Rear-axle heavy vehicle A will "oversteer” 
and turn toward side force 5 because the slip angle 
on the rear axle is greater than the slip angle on the 
front axle. Centrifugal force created by the curvi- 
linear motion adds to the force 5. Front-axle heavy 
vehicle B "understeers, ” turning away from the dis- 
turbing force. Vehicle C with neutral steering char- 
acteristics follows a straight line. 
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to the following steering conditions: 

Oversteering: If the slip angle on the rear axle 
is greater than on the front axle, the rear end of 
the vehicle will drift away in the direction of the 
exciting force into a course of increasing curvature. 
Centrifugal forces created will add to the primary 
disturbing force. Oversteering is therefore a situa- 
tion of inherent instability. 

Understeering: If the front-axle slip angle is 
greater, the course of the vehicle will have a self- 
straightening tendency, that is, away from the 
exciting force. The centrifugal force produced by 
the curved motion will subtract from the initial 
disturbance. This is a desirable condition of inher- 
ent stability. 

It should be emphasized that slip-angle steering 
bears no relation to the actual steering of the 
vehicle. Conclusions reached would have the same 
validity for a towed trailer. Disturbing forces may 
be centrifugally caused, or result from any other 
side-thrust producing disturbance. With a side- 
wind force, the complexity of the problem is multi- 
plied, since the aerodynamic properties of the body 
enter the picture. 

The influence of slip-angle steering on the di- 
rectional behavior of a vehicle is shown in Fig. 29. 


The same side force S acts at different points on 
vehicles A, B and C. Vehicle A is rear-axle heavy 
and therefore oversteered; vehicle B is front-axle 
heavy and therefore understeered. Path of the 
oversteered vehicle is toward the center of the 
disturbance with increasing curvature, while curva- 
ture of the path of the understeered vehicle is de- 
creasing. For comparison, the ideal line of a neu- 
tral steering path is shown. This represents a 
vehicle with identical slip angles on both axles. 
Should the disturbing force disappear, the over- 
steered vehicle continues in a path of increasing 
curvature due to continued centrifugal force, while 
the understeered vehicle straightens out by itself. 
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Mechanics of Vehicles-4 

Stability on a Curve 


• centrifugal farces 

• force distribution 

• sliding and tipping 


By Jaroslav J. Taborek* 

Development Engineer 
Towmotor Corp. 

Cleveland 


D IRECTIONAL stability and the side-skidding 
characteristics of a vehicle negotiating a 
curve depend upon the balance of dynamic 
side forces. The nature of these forces, their dis- 
tribution, and their effects cn vehicle stability are 
examined in the following sections of this article. 


Dynamic Side Forces 


In curvilinear motion, centrifugal force C (act- 
ing ideally at the vehicle center of gravity) is 
held in equilibrium by the sum of the side-force 
reactions on all wheels, or 


C — mr c w 2 


Wv* 


9r c 



( 31 ) 


Here, v is the translatory speed of a vehicle of 
mass m, o> is angular velocity, r c is radius of curva- 
ture and is the sum of the side-force reactions. 

When a vehicle enters a curve, changing its mo- 
tion from rectilinear to curvilinear, the side-force 
reactions impose a rate change of angular mo- 
mentum /«. For a vehicle with polar moment of 
inertia I (around the vertical axis), wheelbase L , 
road-adhesion coefficient p and angular accelera- 
tion a, the relation between side forces and rate of 
change of angular momentum is 



la 

~L 


< W/i 


( 32 ) 


Obviously, the vehicle with small moment of in- 
ertia will exhibit fast directional response. Large 
inertia moments, while slowing down directional 
response, decrease sensitivity to secondary dis- 
turbances. Such a vehicle would tend to maintain 
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Fig. 30 — Side-thrust distribution to front 
and rear wheels on a vehicle negotiating a 
curve. Only centrifugal force is assumed to 
act in this simplified case (rolling resistance 
is neglected). 


its original direction of motion. 

Weight distribution (fore and aft) is a deter- 
mining factor for vehicle polar inertia. Heavy 
components are preferably located close to the 
center of gravity for minimum inertia moments. 
Intended use of the vehicle, since it dictates the 
necessary compromise between directional response 
and directional stability, decides the final solu- 
tion to the weight-distribution problem. 

Force Distribution: Equation 31 gave the side 
force required to balance the centrifugal force 
on the vehicle. Traction and braking forces act- 
ing on the steered wheels, as well as other motion- 
affecting forces acting ideally at the eg of the ve- 
hicle, all produce side-force components which may 
add to or subtract from the centrifugal force. 
The side-thrust reaction of the tires must balance 
the resultant of all these factors. 

From a directional-stability standpoint, distribu- 
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Motion 


tion of side forces to the wheels is important. 
Limits of safe maneuverability are determined by 
the wheel which first starts to slide. Vectorial 
analysis by graphical techniques offers a method 
of determining side-force distribution. The method 
is demonstrated in sections that follow for a ve- 
hicle weighing 4000 lb (evenly distributed on front 
and rear axles) negotiating a curve of radius of 
r 0 — 20 ft at a speed of 5 mph (7.33 ft per sec). 

Vehicle at Constant Speed: In this example, 
rolling resistance of the vehicle is neglected and 
centrifugal force is assumed to be the only force 
acting. From Equation 31, 


4000(7.33)2 

c = = 340 lb 

(32.2) (20) 


(33) 


Centrifugal force C, acting through the vehicle 
center of gravity, is balanced by side thrusts of 
front and rear wheels, Fig. 30. Obviously, as the 
turning radius r c increases, the vectorial sum 


c = Sf s r 

approaches the algebraic sum 
C = S f + S r 

In this simple case, the difference in directions 
of the right and left-hand steered wheels is neg- 
lected, and a force on the center of the front axle 
is calculated. The error due to this simplification, 
especially for larger curve radii, is negligible. It 
is apparent that rear-wheel steering in this simpli- 
fied case would produce an identical side-force 
distribution, since the drive direction does not ap- 
pear in the calculations. 

Vehicle in Accelerated Motion: In this case, 
the following forces act on the vehicle: centrifugal 
force C = 340 lb (same as in simplified example) ; 
total rolling resistance R r = Wf = (4000) (0.02) = 
80 lb. Assuming an acceleration a of 3 fps 2 , the 
inertia force is = ( W/g)a = (4000/32)3 = 
375 lb. 

Grade and air resistances are neglected here. 

The graphical method of calculation is demon- 


Nomenclature 

C = Centrifugal force, lb 
H = Height of center of gravity, ft 
I = Polar moment of inertia of vehicle around 
vertical axis, ft-lb-sec 2 
L = Wheelbase, ft 
m = Mass, lb-sec 2 per ft 

n = Distance determining tipping stability, ft 
P = Tractive force, lb 
Ri = Inertia resistance, lb 
R r — Rolling resistance, lb 
r c — Radius of curvature, ft 
S = Side-force reaction of wheels, lb 
V — Speed, mph 
v = Speed, ft per sec 
W = Vehicle weight, lb 
a = Angular acceleration, rad per sec 2 
ft — Superelevation angle, deg 
Hi = Coefficient of sliding friction 
<f> = Frictional angle, rad 
v = Angular speed, rad per sec 



/?/= 3751b 

40 lb (per oxle) 

5^245 lb 
S r - 240 1b 



Fig. 31 — Side-thrust distri- 
bution on a rear-wheel drive 
vehicle in accelerated mo- 
tion. Side components of 
rolling resistance and the 
inertia force of acceleration 
increase the side- force reac- 
tions of the wheels. 



strated for two representative cases: (1) rear- 
wheel drive with front-wheel steering, Fig. 31, (2) 
front-wheel drive with front-wheel steering, Fig. 32. 

Comparing the resultant side forces S f and S r 
with the results of the simplified case (Fig. 30), 
it is observed that, on the rear-wheel drive car, 
forces acting at the eg and the rolling resistance 
of the front wheels all produce side components 
that increase the side-force reactions. On the front- 
wheel drive car, on the other hand, traction forces 
acting in the rolling direction of the steered wheels 
considerably decrease the side thrust. The rear- 
wheel drive car will, under the same driving condi- 
tions, impose higher side thrusts on the tires than 



Fig. 33 — Balance of forces on a vehicle ne- 
gotiating a superelevated (banked) curve. 
Vehicle will slide to the outside of the curve 
if the resultant of forces acting in the x di- 
rection exceeds the maximum frictional side- 
force reaction. 


will the front-wheel drive vehicle. This situation 
accounts for the well-known superior curve sta- 
bility of the front-wheel drive, front-wheel steered 
car. 

Other combinations, especially rear-axle steer- 
ing, four-wheel drive and four-wheel steering may 
be investigated by the same graphical methods. 


Sliding and Tipping Stability 

Under some circumstances, the centrifugal force 
developed on a curve exceeds the maximum corner- 
ing capacity of the tires. The vehicle then either 
slides sideways or tips over. These conditions will 
be investigated for the general case of a vehicle 
negotiating a superelevated (banked) curve of ra- 
dius r c wiih constant speed v. Distribution of cen- 
trifugal force to the wheels is assumed to be in 
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proportion to the radial-load distribution. 

Fig. 33 shows the situation schematically. The 
limit of the side reaction is determined by the 
frictional ground force and is therefore given by 

2S max = n,(C y + W y ) (34) 

where C y — y component of centrifugal force, 
W v = y component of vehicle weight, and j± g = 
coefficient of sliding friction. 

To prevent the vehicle from sliding sideways, 
the resultant of forces acting in the x direction 
must not become larger than the maximum fric- 
tional side-force reaction, or 

(± W x +C x ) < fig (Cy + W y ) (35) 

The relation between centrifugal force (and 
therefore driving speed) and the superelevation 
angle p can be obtained when forces in Equation 
35 are expressed as functions of p. Conditions for 
skid-free curve driving can then be calculated. 


Minimum Safe Speed: The vehicle must maintain 
a certain minimum speed to prevent it from slid- 
ing down the banked roadbed. The corresponding 
equilibrium equation developed from Equation 35 is 

Pl h (C sin p -f W cos p) > C cos p — W sin p (36) 

After substitution of the value of centrifugal force 
C from Equation 31, minimum speed to prevent 
sliding becomes 


£rr c ( tan p - *) ~| 1/2 ^ 

fps 

(1 + ju. tan p) J 


( 37 ) 


This equation can be further simplified by sub- 
stituting for the friction coefficient ji 8 the tangent 
of the frictional angle, where 

0 = tan- 1 /j,, 

fi t — tan <p (38) 

For dry concrete, fi s = 0.7 and the frictional angle 
<f> = 35 deg. Substituting Equation 38 into Equa- 
tion 37, converting v from feet per second to miles 
per hour, and letting g = 32.2 ft per sec 2 

<; 1/2 (3600) 

— 3,9 

5280 

and the minimum safe speed is 


V t , min — 3.9 [r c tan (p — 0)] 1 ' 2 mph (39) 

In verbal form, minimum speed is proportional to 
the tangent of the difference between the super- 
elevation angle and the frictional angle. 

An interesting application of this stability equa- 
tion is seen at stunt-driving exhibitions, where a 
car is driven on a vertical circular wall. The min- 
imum speed required for this stunt can be calcu- 
lated by substituting p = 90 deg in Equation 39. 

Further, the elevation angle under which the sta- 
tionary vehicle would just start to slide can be 
found by substituting v = 0 in Equation 37. In 
this case, tan p = fx Q . Since the system is sta- 
tionary, the coefficient of static friction applies. 
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With jj. = 0.8 for dry concrete, the stationary ve- 
hicle will start to slide at an elevation of 39 deg. 

Maximum Safe Curve Speeds: Stability of a vehi- 
cle traveling at high speed on a superelevated 
curve presumes two conditions: (1) speed must 
not be high enough to cause the vehicle to slide 
up the slope of the superelevation, and (2) speed 
must not be high enough to tip the vehicle about 
the outside wheels. These conditions are examined 
in the following sections. 

Sliding : Equilibrium equation for the case where 
the vehicle tends to slide up the slope of the super- 
elevation is 

( C sin £ 4 - W cos p)fi a > C cos p - W sin p (40) 

where 

mv 2 

C = 

r c 

After simplification 

r gr e ( tan p + fi t ) “lva 

v i,max — (41) 

L (l - tan£) J 

and, since the frictional angle is related to the 
friction coefficient by 

fi t — tan 0 

then 

— 3.9 [t c tan (p + 0)] 1/ ^ mph (42) 

Maximum safe speed is therefore proportional 
to the tangent of the sum of the superelevation 
angle and the frictional angle. With speed increas- 


ing to infinity (v — ca ) it can be found from 
Equation 40 that the superelevation need not ex- 
ceed the value 

P = cot-i y.g (43) 

For the hypothetical case of complete absence 
of friction, a superelevation angle can still be 
found that permits safe vehicle operation. In such 
a case, the resultant of all forces is exactly per- 
pendicular to the road surface. Substituting ^ = 
0 into Equation 40, the ideal superelevation angle 
becomes 

P ~ tan- 1 ( ) (44) 

v gr c ' 

The existence of a frictional side-support force is 
nonessential in this case, and maximum and min- 
imum speeds are equal. 

Simplifying Equation 42 for the case of a level 
surface (/? = 0), 

v *, max = 3.9 (r c /X .) 1/2 mph (45) 

Tipping: When the resultant of horizontal and 
vertical forces passes through the line joining the 
points of contact of the outside wheels with the 
ground (point A, Fig. 34) tipping of the vehicle 
begins. Equilibrium of moments about point A 
can be written as 

nR y - HR X - 0 (46) 

R x — C cos p — W sin p 
R y = C sin p + W cos p 
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Fig. 34 — Stability against tipping of three 
and four-wheeled vehicles on a superelevated 
curse is ensured if the resultant R passes 
inside of point A . 



(a) 


(b) 
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where n is the projected distance between A and 
the center of gravity, and R x and R y are the force 
components in the x and y directions. These com- 
ponents are given by 


After substitution of these results in Equation 46, 
the critical speed of tipping becomes 


v t. 


-[ 


gr e (n + H tan J3) 1 1/2 


(47) 


(H — n tan J3) -I 

Simplifying again for the case of a level surface 

(0 - 0 ), 


( r e n \V 2 

V t,max = 3.9 ^ j mph 


(48) 


Comparison of Equations 41 and 47 will reveal 
whether tipping or sliding will occur first as the 
speed of the vehicle increases. It is desirable that 
sliding occur first. This happens when speed that 
induces sliding is reached sooner than the critical 
tipping speed, that is, v tmax > v amam . For a level 
surface, this results in the condition 

~ (49) 


In the preceding equations, the vehicle is as- 
sumed to be moving with constant speed, no trac- 
tive or braking forces are being simultaneously 
transferred, and the centrifugal force is distributed 
on the axles in the same proportion as the static 
level axle weights. Should this not be the case, 
the distribution of centrifugal side thrusts to the 
individual axles will have to be determined, and 
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the safety against sliding examined for each wheel 
separately. The wheel with reduced dynamic load 
(due to a hill, trailer pull, etc.) will start to slide 
first. Other conditions being equal, the driving or 
braking wheel with lower effective /x values will 
slide first. Further, for the coefficient of friction 
ft*, only such values can be taken for the side forces 
that remain after vectorial subtraction of the por- 
tion already taken by tractive or decelerating 
forces. It is interesting to note also that all critical 
speeds are independent of vehicle weight. 

With increasing vehicle speed, sliding usually 
starts before tipping on most passenger cars. On 
trucks, however, where H is large*, the critical tip- 
ping speed may be reached sooner. 

Tipping properties of four-wheeled vehicles with 
pivoted steering axles (e.g., lift trucks) are similar 
to those for a three-wheeled vehicle. In such a 
case, the central pivot point and not the wheels 
forms the effective front-end support against tip- 
ping. 
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Mechanics o# Vehicles— 5 


By Jaroslav J. Taborek* 

Development Engineer 
Towmotor Corp. 
Cleveland 


P OWER is expended when a vehicle moves 
against a resisting force. In accelerated mo- 
tion uphill, the forces or resistances that op- 
pose the motion of a vehicle are: (1) Rolling re- 
sistance, (2) Grade resistance, (3) Air resistance, 
(4) Inertia resistance, and (5) Transmission re- 
sistance. 

Here and in a following article, the magnitudes 
and characteristics of these motion-resisting forces 
are examined. Consideration of such forces will 
subsequently be shown to form an important part 
of vehicle performance prediction. 


Force Characteristics 

To move a vehicle at speed V (mph) against any 
resisting force R x (lb), power N x must be delivered 
to the driving axle. Magnitude of the power (hp) 
is given by 

•Now Research ahd Development Engineer, Phillips Petroleum 
Co.. Bartlesville. Okla. 


R X V 


At any instant, the sum of all resisting forces 
'SR* is in equilibrium with the tractive force P, 
which is delivered as torque M d to the driving 
wheels. Such a force balance is expressed as 



where r is the rolling radius of the driving wheels. 

Rolling Resistance: In a sense, the most impor- 
tant of the resisting forces is rolling resistance. 
While other resistances act only under certain con- 
ditions of motion, rolling resistance is present from 
the instant the wheels begin to turn. Rolling re- 
sistance, in addition, has another undesirable prop- 
erty: a large part of the power expended in a 
rolling wheel is converted into heat within the tire 
itself. The consequent temperature rise ranees 



Fig. 35 — Left — Rolling resistance of a vehicle is the 
sum of the rolling resistances of all wheels and is 
therefore independent of weight distribution. The 
weight used in rolling-resistance calculations is the 
normal (cosine) component of vehicle weight. 

Fig. 36 — Below — The rolling plane of the wheel is 
not parallel with the direction of travel. Tractive 
force P must overcome the vectorial resultant of 
rolling resistance R r and side force S. Rolling is 
maintained as long as / tan ^ < /x. 
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Motion-Resisting Forces 


• rolling resistance 

• grade resistance 


both the abrasive resistance and the flex fatigue 
of the tire material and becomes the limiting factor 
on tire performance. 

Differing basically from resistance sources for 
rigid wheels (Part 1 of this series), the sources 
of rolling resistance on pneumatic tires are: 

(1) Work performed by flexing of the tire body as 
it passes the ground contact area. 

(2) Work performed by the wheel penetrating or 
compressing the ground. 

(3) Work performed by frictional motion due to 
tire slip. 

(4) Friction caused by air circulation inside the 
tire and the fan effect of the rotating wheel 
on the outside air. 

The first two of these factors account for the 
greater part of rolling resistance; the remaining 
two have only secondary effect. Considering the 
vehicle as a whole, the total rolling resistance R r 
is the sum of the resistances of all the wheels, or 

R r = R rT 4- R rf — fW cos 6 (52) 


where R rf and/2 rr designate rolling resistances on 
front and rear wheels, W cos 0 is the normal-to- 
ground component of vehicle weight, and / is the 
coefficient of rolling resistance, Fig. 35. 

For theoretically correct calculations, the dy- 


Nomenclature 

/ = Coefficient of rolling friction 
G = Measure of grade, per cent 
N ~ Power, hp 

P = Tractive force on driving wheels, lb 
R g = Grade resistance, lb 
R r — Rolling resistance, lb 
r = Rolling radius of tire, ft 
S — Side force on tires, lb 
V — Speed, mph 
W = Vehicle weight, lb 
e = Horizontal incline of road, deg 
fx — Friction coefficient 
= Slip angle, deg 



Fig. 37 — Coefficient of rolling resistance as 
a function of inflation pressure. Values 
plotted assume reasonable vehicle speeds for 
each surface type. 



Fig. 38 — Coefficient of rolling resistance as a func- 
tion of tire diameter. Effect of tire diameter is neg- 
ligible for hard surfaces (concrete) but decisive for 
soft ground or sand. 
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Speed j V (mph) 


Fig. 39 — Coefficient of rolling resistance as a 
function of speed. The effect of speed is more 

5 pronounced at lower inflation pressures. Curves 
or pressures of 21, 28 and 40 psi were calculated 
from Equation 57. An approximation for common 
passenger car speeds and inflation pressures is 
given by the plot of Equation 58. 



Fig. 40 — Supplementary coefficients 
f 0 and f 9 for use in Equation 57. 


namic weight of the vehicle, including the effects 
of acceleration, trailer pull and the vertical com- 39 

ponent of air resistance, is used. For vehicle per- 
formance estimation, however, the changing mag- 
nitude of the dynamic weight complicates the cal- 
culations without offering significant improve- 
ments in accuracy. Furthermore, it is apparent 
from Equation 52 that a dynamic weight transfer 
toward one of the axles has no influence on the 
total rolling resistance. 

For these reasons, static vehicle weight is usu- 
ally taken as sufficiently accurate for computation 
of rolling resistance. As a further simplification, 
the effect of the horizontal grade angle 0 is often 
neglected completely. Equation 52 then becomes 

R r = fW cos 8 ~ fW (53) 

The error introduced by this simplification is only 
5 per cent for the steepest existing grades (about 
32 per cent) . 

All these considerations apply, in a strict sense, 
only for straight-line motion. For vehicles on 
curves, the direction of rolling deviates from the 
direction of actual travel, and the tractive force P 
must overcome the vectorial resultant of side force 
3 and rolling resistance R r , Fig. 36. In this case, 

„ Rr 

(54) 

COS yp 

where ^ is the slip angle, that is, the ang’e be- 
tween the speed vector and the rolling plane of 
the wheel. 

On a steered wheel, the side force S necessary 
to maintain equilibrium of forces must remain 
within the limits of sliding friction given by the 
radial load W and the friction coefficient fx> or 

S = R r tan p < juW (55) 

These results, when combined with Equation 53, 
give the condition for rolling of the steered wheel 
as 


/ tan p < n 


(56) 



Fig. 41 — Grade resistance of a vehicle is the 
downhill component of its weight. Grade 
is usually measured in per cent where G 
<%) = (100 b)/s a = 100 tan 0. 


For slippery ground ( fJL - 0.2 and / - 0.02), Equa- 
tion 56 gives f)nux = 84 deg. 

Factors Affecting Rolling Resistance: Coefficient 
of rolling resistance / is a dimensionless factor 
that expresses the effects of the complicated and 
interdependent physical properties of tire and 
ground. Establishment of standardized conditions 
for measurement of the effects of variables like 
the fine structure of the ground material, composi- 
tion of the rubber, design elements of the tire, 
etc., proves difficult if not impossible. The follow- 
ing account of the most important of these factors 
will, nevertheless, contribute to a better under- 
standing of the physical nature of rolling resist- 
ance. 

Cround-Sueface Structure: Lowest / values are 
measured on hard, smooth, dry surfaces. A worn- 
out road almost doubles rolling resistance. On wet 
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surfaces, higher rolling resistances are observed, 
probably due to the cooling effect of the water 
and the correspondingly decreased flexibility of the 
rubber tire. 

Tire-Ground Elasticity : The relative elasticity 
and hysteresis of both tire and ground are im- 
portant factors that decisively influence rolling 
resistance. Three basic combinations are possible: 
(1) The tire is rigid as compared to soft, plastic 
ground, rolling resistance being due to penetration 
work only; (2) Both tire and ground are deform- 
able, rolling resistance being due to both tire de- 
formation and ground penetration work; and (3) 
The ground is rigid in relation to an elastic tire, 
roiling resistance being due entirely to tire defor- 
mation work. 

Tire Inflation Pressure: To a large extent tire 
inflation pressure determines elasticity of the tire. 
It affects the value of / in a manner that depends 
on the elasticity of the ground, Fig. 37. For ex- 
ample, the following situations can be distin- 
guished : 

On plastic surfaces , like sand, high inflation pres- 
sures result in increased ground penetration work 
and therefore higher / values. Conversely, lower 
inflation pressures, while decreasing ground pene- 
tration, increase tire-flexure work. Obviously, an 
optimum pressure exists for a given surface. 

On medium plastic surfaces , like grass sod, the 
effects of inflation pressure on tire and ground 
approximately balance, and / remains nearly inde- 
pendent of inflation pressure. 

On hard surfaces, f decreases with higher in- 
flation pressure, since flexing work of the tire 
body will be greatly reduced. 

Tire Radius : Basically, / is inversely proportional 
to rolling radius. The proportionality factor, how- 
ever, is small on hard surfaces, becoming impor- 
tant on soft, plastic ground, Fig. 38. 

Driving Speed: Coefficient / is directly propor- 
tional to speed because of increased flexing work 
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and vibration in the tire body. Consequently, the 
influence of speed becomes more pronounced when 
speed is combined with lower inflation pressures, 
Fig. 39. 

Tractive Forces: Wheels transferring tractive 
or braking forces show higher rolling resistance 
due to wheel slip and resulting frictional scrubbing. 

Radial Load: Coefficient / is directly propor- 
tional to radial load due to the effect of load on 
tire deflection. This influence is, however, revealed 
only by exact measurement. 

Temperature: Coefficient / decreases with in- 
creasing temperatures (ambient or internal) as a 
result of increased flexibility of the rubber. 

Tire Material and Design : Thickness of the 
tire base, usually expressed in plies, and thickness 
of the rubber tread determine the amount and stiff- 
ness of material to be deformed by rolling. Worn- 
out, smooth-tread tires show / values up to 20 per 
cent lower than new ones. Often for racing cars, 
the rubber tread is ground off to small fractions 
of an inch. Fine laminations, on the other hand, 
increase / as much as 25 per cent. The cord ma- 
terial in the tire carcass has only negligible effect; 
the rubber material and its compounding is of 
much greater importance. Synthetic rubber gener- 
ally shows higher / values than natural rubber. 

Determination of Rolling-Resistance Coefficient: 
The multiple and interrelated factors affecting / 
make it virtually impossible to devise a formula 
that takes all variables into account. Before a 
value of / is chosen for a particular application, 
the overall degree of accuracy required for the 
calculations should be established. 

On test runs where other measurements are be- 
ing performed, it may be essential that / be known 
as exactly as possible. Several equations for / have 
been developed for passenger-car tires rolling on 


Fig. 42 — Comparison 
of grade designation 
methods. In calcula- 
tions of vehicle per- 
formance, the correct 
sine value is often re- 
placed by the more 
convenient tangent. 
Note that the error 
reaches about 5 per 
cent for the steepest 
roads normally en- 
countered (32 per 
cent). 
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concrete surfaces. The variables in these equations 
are usually inflation pressure, speed and radial 
load. The accuracy of such a calculation is natur- 
ally limited by the influence of factors that are 
neglected. Laboratory measurements usually give 
/ with steel as a ground surface. For concrete, a 
new value can be recalculated by use of established 
conversion factors. 

For soft and plastic grounds it is very difficult 
to find accurate data of general validity. The struc- 
ture of these materials is hardly definable and will 
change from place to place. Average values are 
usually accepted and seldom should there be need 
for any higher accuracy. 

Relatively accurate values of / for concrete sur- 
faces as function of inflation pressure and speed 
can be calculated from the following equation de- 
veloped at the Institute of Technology in Stuttgart: 

/ = /o + 3 - 24/ - (loo (57) 

Here, V is speed (mph), the factor f 0 represents 
the basic coefficient and f 8 determines the speed 
effect. Both factors are taken from the diagram 
in Fig. 40. Equation 57 is also plotted with in- 
flation pressure as a parameter in Fig. 40. 

For many performance calculations, it is often 
sufficiently accurate to express / as a linear 
function of speed. For the most common range of 
inflation pressures (around 26 psi), the following 
equation gives average values of / for concrete 
surfaces: 

f = 001 ( 1 + w ) (58 > 

The range of acceptable accuracy of this equation 
is up to about 80 mph. The advantage of this ex- 
pression is that it can be substituted directly into 


Table 3 — Coefficient of Rolling Resistance* 


Vehicle Surface 

T >'Pe Concrete Medium Hard Sand 


Passenger cars 0.015 0.08 0.30 

Heavy trucks 0.012 0.06 0.25 

Tractors 0.02 0.04 0.20 


•Dimensions of f are lb per lb of vehicle weight. 


other equations, therefore expressing rolling re- 
sistance as a function of speed. 

In many cases, even the effects of speed can be 
ignored and average values of f, covering condi- 
tions for the particular application, can be used 
in performance calculations. Such values are sum- 


marized in Table 3 for a variety of ground sur- 
faces and vehicles. 

The dimension of the coefficient of rolling re- 
sistance is pound per unit of vehicle weight. 
Vehicle weight is expressed either in units of 
pounds, 1000 pounds or tons. The author prefers to 
keep all forces and weights in the same units, 
avoiding unnecessary complication by the the intro- 
duction of new units. 

Grade Resistance: Grade resistance R g is the 
component of vehicle weight acting downhill, Fig. 
41. It is given by 

R g ~ W sin e (59) 

In practice, it is customary to designate grade 
G (per cent) as the ratio of the climbed height 
to the projected horizontal distance, or 

M100) 

G — - 100 tan 6 (60) 

Allowing for the approximation that for small 
angles sin 0 ^ tan 0, the grade resistance equa- 
tion becomes 


WG 

R g ^ W tan 6 = (61 ) 

100 

The error resulting from this simplification for 
the steepest known road grades (32 per cent or 
18 deg) reaches an acceptable 5 per cent. For 
more exact calculations, or for still steeper grades, 
the simplification should not be used. 

A comparison of grade designation methods is 
given in Fig. 42. Grades of modern super high- 
ways are kept below 6 per cent ( 3^2 deg); in 
mountain areas, dual-highway up-hill slopes reach 
7 per cent and downhill slopes are up to 8 per 
cent. Average mountain highways are kept under 
about 12 per cent (7 deg) ; the steepest known 
roads in high mountains reach slopes up to 32 per 
cent (18 deg) for short distances. Off-the-road 
and military vehicles are usually designed to negoti- 
ate slopes of 60 per cent (31 deg). 

The highest grade that a vehicle can climb is 
called its gradability and is designated as G maT 
(per cent) or 0 max (deg). 
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43 — The air-resistance force R 0 is assumed to act at the centroid of the pro- 
jected frontal area of the vehicle. As an approximation, the area can be taken as 
0.9 (body height) (wheel tread), or 0.9 (£«)(*»)• 
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R OLLING resistance and grade resistance — 
two of the forces that impede the motion of 
a vehicle — were discussed in the preceding 
article of this series. Both were shown to be pro- 
portional to vehicle weight. This article continues 
the examination of such motion-impeding forces, 
discussing air resistance, inertia resistance and 
transmission resistance and the relationship of 
such forces to vehicle performance. 

Air Resistance: According to the laws of aerody- 
namics, a body moving through the air is resisted 
by a force R a , where 


In this expression, c a is a dimensionless coefficient 
of air resistance (drag coefficient) with a value 
unique for each family of geometrically similar 

•Now Research and Development Engineer, Phillips Petroleum 
Co.. Bartlesville. Okla. 


body shapes. Remaining terms in the equation are 
p, the air density (lb per cu ft), A, the projected 
area of the body in the direction of travel (sq ft), 
and v r , the velocity of the body relative to the air 
(ft per sec) . 

Because of the influence of air density, magni- 
tude of the air-resistance force depends on the 
state of the air, i.e., the barometric pressure and 
temperature. The following relation relates densitv 
to pressure and temperature : 

144p 1.32p' 

0 — — ( 03 ) 

KT 460 + t v 

Symbols in this expression are defined in Nomen- 
clature. 

The influence of changes in air density must be 
taken into account in accurate performance cal- 
culation, since differences between density extremes 
may reach 20 per cent or higher. For example, 
at an altitude of 4000 ft, air density is only 83 
per cent of the sea-level value. 
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For many performance calculations, however, the 
density for “normal” or standard atmospheric con- 
ditions (60 F and 29.9 in. Hg) provides sufficient 
accuracy. In such cases, p ~ 0.0763 lb per cu ft 
is used as a constant value. 

By substitution of the standard density, the 
equation for the air resistance can then be simpli- 
fied to read 


R a - 0.12 c Q a ( V 
v 10 / 

= 0.26 c a A ( — ~ ) (64) 

where V r is the speed of the vehicle in mph and 
v r in fps, both relative to the air. 

The physical origin of air resistance on vehicles 
is derived from three sources : 

1. Drag resistance, which is a function of the aero- 
dynamic shape of the body with respect to all 
outside surfaces. Protruding objects like mir- 
rors, exhaust mufflers, license plates, etc., can 
increase drag resistance considerably at higher 


Nomenclature 

A - Projected vehicle area in drive direction, 
sq ft 

a ~ Acceleration, ft per sec 2 
C (l = Coefficient of air resistance, lb-sec 2 -ft~ 4 
c (l — Coefficient of air resistance, dimensionless 
E — Kinetic energy, ft-lb 
9 — Acceleration of gravity, ft per sec 2 
I - Moment of inertia, ft-lb-sec 2 
l w ~ Polar moment of inertia of wheels, ft- 
lb-sec 2 

M — Torque, lb-ft 

M t ~ Torque required for accelerating rotating 
parts, lb-ft 

vi ~ Mass, lb-sec-’-ft 1 
vi e ~ Equivalent mass, lb-sec—ft 1 
in- — Total effective mass of vehicle, Ib-sec-ft" 1 
iV - Power, hp 
V Pressure, lb per sq ft 
V' — Barometric pressure, in. Hg 
R - Gas constant (“53.3) 

R tl = Air resistance, lb 
R<) — Grade resistance, lb 
Ri — Inertia resistance, lb 

R,t Inertia resistance of translatory mass, lb 
R r — Rolling resistance, lb 
r = Rolling radius of tire, ft 
= Wheel tread, ft 

T = Absolute temperature, deg Rankine 
t - Temperature, deg F 

V = Speed, mph 

V r ~ Speed relative to air, mph 
v ~ Speed, ft per sec 
— Speed relative to air, ft per sec 
W = Weight, lb 

a “ Angular acceleration, rad per sec 2 
7 ~ Mass factor for rotating parts 
f = Reduction ratio 

V = Efficiency or efficiency factor 
P = Density, lb per ft 3 

u = Angular velocity, rad per sec 


speeds. Of special importance is the shape of 
the rear part of the body, which determines 
the amount of turbulence in the wake of the 
vehicle. 

2. Air friction on the outside surfaces or “skin” 
of the body. For the more or less standardized 
quality of surface finish on passenger cars, 
this portion amounts to about 10 per cent of 
the total air resistance. 

3. Air flow through the car for purposes of cool- 
ing or ventilating. This influence can be re- 
sistance-increasing or resistance-decreasing, de- 
pending on the function, location and aerody- 
namic perfection of the channels. 

These three factors are expressed in the coeffi- 
cient of air resistance c a , which has a value par- 
ticular to each vehicle. It is found experimentally 
in scale model wind-tunnel tests and is confirmed 
by coasting tests performed on actual vehicles. 

In some literature sources, the air-resistance 
coefficient is given as 


C a = 


c a p 
2 </ 


= 0.26 c, 


/ \ 
^ ft 4 / 


(65) 


where the factor C a includes the effect of the state 
of the air and is not a dimensionless number. Equa- 
tion 64 can be rewritten to incorporate C a , giving 



( 66 ) 


Average values of c n and C a at SAE standard air 
conditions for representative vehicles are given in 
Table 4. 

While the coefficient of air resistance c a is a func- 
tion of the aerodynamic perfection of a body, the 
important criterion for comparison of vehicles is 
the product of the coefficient with the frontal area, 
i.e., A(c a ). There are cases where, when the frontal 
area is enlarged, the total resistance is reduced 


Accel eration 



Fig. 44 — Inertia force of the translating vehicle 
mass acts at the eg and is always directed against 
the acceleration vector. Translatory acceleration is 
necessarily accompanied by angular acceleration of 
the wheels and the drive-system components. As 
a means for simplifying performance calculations, 
the effects of rotational inertia of such parts can 
be represented by an equivalent translatory mass. 
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because of a resulting lower c a value. This occurs, 
for example, when a protruding part is covered 
with a streamlined fairing. 

The hypothetical point of action of the air-re- 
sistance force, Fig. 43, is the centroid of the pro- 
jected area in the drive direction. Usual frontal 
areas (in sq ft) on present-day cars are: (1) Pas- 
senger cars (small), 14-20; (2) Passenger cars 
(standard), 22-30; (3) Buses and trucks, 60-80. 
Areas can also be estimated as 0.9 ( body height) 
{wheel tread). 

Combining Equation 64 with Equation 51 (Part 
5), power N a necessary to overcome air resistance 
is 

0.0026 <; u A V* V 

N « ,h P> (67) 

3 1 5 

where again V r is the relative speed of the vehicle 
against the air and V is the ground speed of the 
vehicle, both in mph. For calm air V r — V and 

0.0026 c u A V-' / v \ a 

™ — 0.07 C, A ( (68) 

3<5 \ io / 

From this equation, it is seen that the power re- 
quirement is proportional to the third power of 
the speed. 

Inertia Resistance: Every change of speed of a 
moving body is opposed by an inertia force which 
is proportional to the product of the mass of the 
body and the time rate of speed change. For vehi- 
cles considered herein, this force will be referred 
to as the inertia resistance and will always be 
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directed against the vector of acceleration (or de- 
celeration for decreasing speed). The point of ac- 
tion of this force is ideally located at the center of 
gravity of the vehicle mass, Fig. 44. 

Considering first only the translatory mass of the 
vehicle, the inertia resistance R it is given by 


f dv \ Wa 

R lt = 77i - ) = (69) 

v dt / g 

where m is the mass of the vehicle and a is the 
translatory acceleration. 

The state of translatory motion of a vehicle is 
inseparably coupled to the rotational speed of the 
wheels which, in turn, are positively connected to 
the rotating parts of the drive mechanism. Any 
change of translatory speed must, therefore, be 
accompanied by a simultaneous change in the ro- 
tational speed of all such parts. 

For calculation of the torque M necessary to 
accomplish the change of the rotational speed, 
use is made of the basic equation 



where M is torque, I is moment of inertia about 
the axis of rotation, and « is angular acceleration 
(see Nomenclature for dimensions). 

With this equation applied to a vehicle with sev- 
eral groups of parts, each rotating at a different 
speed, the respective torques can be related to the 
drive-axle by 


Mi 


Z) m = 2 ^ 


(71) 



Fig. 45 — Mass factor y, representing the effect of 
the rotating parts on the inertia mass of the ve- 
hicle, is plotted here as a function of the total 
reduction ratio f between the drive axle and the 
engine. 


where M i is the inertia resistance torque of all ro- 
tating parts reduced to the drive axle, and £ is 
the reduction ratio between the drive axle and a 
particular part. 

From the speed and acceleration relationships 
« - w,i i (72) 

and 

« = flfrf ? ( 73 ) 


Table 4 — Air-Resistance Coefficients 


Ca 

Vehicle Type (dimensionless) 

C a * 

(Ib-sec^-ft- 4 ) 

Passenger car 

0.4-0. 5 

0.104-0.13 

Convertible 

0.6-0.65 

0.155-0.17 

Racing car 

0.25-0.3 

0.078-0.065 

Bus 

0.6-0. 7 

0.155-0.182 

Truck 

0. 8-1.0 

0.208-0.260 

Tractor-trailer 

1.3 

0.338 

Motorcycle and rider 
Geometrical Bodies: 

1.8 

0.470 

Sphere 

0.47 

0.122 

Square plate 

1.2 

0.31 

Streamlined body 

0.1 

0.026 


*C a = 0.26 c a 
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Fig. 46 — Vehicle power diagram. Power re- 
quired to overcome rolling, air and grade re- 
sistances is additively plotted against vehicle 
speed. Engine power delivered to the drive axle 
in first, second and high gears is also given. 
Curve summing rolling and air-resistance forces 
intersects high-gear power-available line at 100 
mph, indicating maximum vehicle speed on 
level ground. In second gear, a 20 per cent 
grade can be negotiated at a speed of 55 mph. 
Difference between power required and power 
available is free or excess power for accelera- 
tion. 


Equation 71 can then be written as 

= aj ^ Ip 


(74) 


where the subscript d refers to the driving axle. 


Equivalent Mass: To simplify calculation of the 
effects of rotating parts on total inertia resistance, 
use can be made of the fact that circumferential 
speed at the rolling radius of the tire is equal to 
the translatory speed of the vehicle (neglecting 
slip). An equivalent mass m e can be determined 
which, hypothetically concentrated at the rolling 
radius r, will have the same effect on the inertia 
of translatory motion as the summation of inertia 
torques of individual rotating parts. The equivalent 
mass m e can be calculated from 

s 


— m t r 2 a d 


- 


ip 


(75) 


Solving for m ey 

m « = ^ (76) 

Mass m f can be added to the translatory mass m 
of the vehicle, giving the effective inertia mass of 
the vehicle, m'. It often proves convenient to ex- 
press the effective mass m f in terms of the vehicle 


mass m, or 

m' — m -f m t = my (77) 

where y is a dimensionless mass factor of the ro- 
tating parts that defines how much the effective 
mass exceeds the actual mass of the vehicle. 

By use of the factor y, Equation 69 can be re- 
written to give the total inertia resistance of the 
vehicle, or 

Ri — yma (78) 

Equation 78 can also be derived by an energy 
method. From the theorem that the change in 
kinetic energy of a body equals the work produced 
by external forces 


dE 




ds 


(79) 


where E is the kinetic energy of the moving vehi- 
cle, P is tractive force, and %R W is the summation 
of all resistance forces except R { . 

From the equilibrium of forces, the following 
relation applies: 



(80) 


Further, the kinetic energy of the vehicle is 

rnv 2 7w 2 



Differentiating this equation, 

dE — mv(dv) + / Iw(du) 


Combining Equations 79 through 82, 


Ri ids) = mv{dv) -f 



Iu (dw) 


(81) 


(82) 


(83) 


Separating R { and substituting ds/dt 
ru) d and Equation 72, 




m -b 


7* 2 


V — 


(84) 


Substituting further with the results of Equation 
76, an equation identical to Equation 78 results. 

For calculation of the value of y, the rotating 
parts can be divided into two groups: (1) The 
vehicle wheels (both front and rear), and (2) 
Parts translating or rotating at engine speed, princ- 
ipally the flywheel, clutch, crankshaft and pistons 
(manual transmission parts, gears and shafts are 
usually neglected in a simplified calculation). The 
influence of parts rotating at engine speed gains in 
importance 'in the lower gear ranges, since the 
equivalent mass w. e is proportional to the square 
of the reduction ratio (Equation 76). 

Numerical values of y (Equations 77 and 78) 
have been calculated by several investigators. Re- 
liable values are quite difficult to obtain because 
the inertia moment of most engine parts has to 
be measured experimentally. Average values of y 
collected from the literature are given for canacitv- 
loaded vehicles in Table 5. 

An excellent method of calculation is presented 
in Reference 36 and is explained by the following 
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development : 

Rearranging Equation 77, 


m e / 

y = i + = i + ( 

m \ 


Zip \ 
mr 2 mr 2 / 


(85) 


where 2/ w is the inertia moment of the wheels and 
/ is the inertia of any part rotating at engine speed 
with speed ratio f with respect to the driving axle. 

As a representative average from a number of 
calculations, y can be expressed as function of the 
reduction ratio £, Fig. 45. 


y = 1 + (0.04 + 0.0025 p) ( g6) 

From this expression, factor y corresponding to 
any given ratio can be calculated. The applicability 
of this calculation method for all road vehicles 
and for a relatively wide range of capacities is 
substantiated by the fact that the size of drive 
components, within the usual limits, is proportional 
to the vehicle capacity. Results of the equation 
are fairly accurate and are useful for preliminary 
performance calculations. 


Transmission Resistance: Transmission resist- 
ance is not a resistance force in the same sense 
as the other motion-resisting forces. It represents, 
rather, the power consumed in the process of trans- 
mitting engine power to the drivirlg wheels and 
is due mainly to the following elements: 

1. Clutch, transmission, differential, universal 
joints and bearings. Power consumption in 
these components is function of both the qual- 
ity of lubrication and the surface finish of the 
gears and is proportional to power transmitted. 

2. Oil churning in the gear box. Power consump- 
tion in this respect is proportional to engine 
speed and is also a function of oil viscosity. 

For vehicles in motion, the measure of trans- 
mission resistance is usually given as the efficiency 
t j of the complete power train between the engine 
and the drive axle and is measured experimentally 
on a dynamometer. Preliminary design calcula- 
tions are based on comparative data of existing 
similar applications. The breakdown of the overall 
efficiency factor into component subfactors de- 
livers these average values: (1) Clutch efficiency, 
0.99; (2) Gear shift transmission efficiency, in 
direct gear 0.98, in lower gears 0.95; (3) Differen- 
tial efficiency, 0.95; (4) Joints and bearing effi- 
ciency, 0.99-0.98. 

Efficiency of the whole power train is then the 
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product of the efficiency factors of all the compo- 
nents, resulting in the following average overall 
transmission efficiencies on present-day vehicles: 
(1) In direct gear, 0.90; (2) In lower gears, 0.85; 
(3) In transmissions with very high reduction, 
0.75-0.80. 

For calculations on vehicles coasting with the 
engine disconnected, torque M t required on the 
drive axle to overcome transmission resistance is 
used. Its value can be found experimentally on 
dynamometers or by trailing tests. In equation 
form, 



r 


where R t is the transmission resistance force. 

Vehicle Performance: Calculation of the resist- 
ance forces supplies data essential to vehicle per- 
formance prediction. As a rule, performance is ob- 
tained by one of the following graphical methods. 

Power Diagram: Power required to overcome 
rolling, air and grade resistance forces (Part 5) 



M J. L. Koffman — “Vehicle Performance (The Effect of Rotating 
Masses on Acceleration)", Automobile Engineer. London, Dec. 1955. 


Table 5 — Average 

Values of 

Mass Factor* 

Vehicle Type 

High 

Second 

Gear 

First 

Low 

Passenger car (large) . . 

1.09 

1.14 

1.30 


Passenger car (small) .. 

1.11 

1.20 

1.50 

2.40 

Truck 

1.09 

1.20 

1.60 

2.50 

•Capacity-loaded vehicles. 






Fig. 47 — Tractive-force diagram. Rolling, air 
and grade resistances are plotted additively 
against vehicle speed. Superimposed on the 
family of force-required curves is tractive force 
P available at the drive wheels in various gears* 
Maximum speed is given by the intersection of 
the ( R r -f R a ) curve with the high-gear trac- 
tive-force line. Speed at which a 20 per cent 
grade can be negotiated is 55 mph in second 
gear. Difference between the force-required and 
force-available curves is free or excess force for 
acceleration. 
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is graphically plotted against vehicle speed on the 
power diagram. On the same diagram engine power 
delivered to the drive axle at different gear reduc- 
tions is plotted, Fig. 46. From the intersections 
of these power-required and power-available curves, 
the expected vehicle performance at any speed and 
grade can be determined directly or, conversely, 
the power necessary to reach a certain perform- 
ance level can be established. 

Tractive-Force Diagram: In this method, roll- 
ing, air and grade-resistance forces are additively 
plotted in the given order against vehicle speed, 
Fig. 47, The tractive force available at the drive 
wheels in the different gear reductions is also su- 
perimposed on the diagram. Intersections of the 
two sets of curves give the graphical solution to 
the equation 

M, Ttf 

r “ P ~~ + + &9 (88) 

where M e is engine torque (Ib-ft) as function of 
speed, v is power transmission total efficiency, and 
t, is the total reduction ratio between engine and 
drive axle. 

Corresponding curve intersections indicate the 
tractive force (and therefore engine torque) re- 
quired to balance the resistance forces at any 
given speed and condition of operation. The trac- 
tive-force diagram generally is preferable to the 
power diagram because, at very low speeds, the 
power requirement and the engine power output 
are very small and determination of curve inter- 
sections is difficult and inaccurate. Calculation of 
performance by the tractive-force method, however, 
gives relatively large corresponding values, even 


at zero speed and permits more exact graphical 47 

analysis. 

Both performance-prediction methods apply only 
for constant-speed driving; performance calcula- 
tion in accelerated motion is more complicated and 
cannot be solved by a direct method. Detailed in- 
vestigation of the complete subject of vehicle per- 
formance prediction in constant and accelerated 
motion is discussed in a subsequent article in this 
series. 

Summary of Resistance-Force Characteristics: 

Comparing resistance forces, the following obser- 
vations can be made: 

1. Rolling and air resistance are present under 
all conditions of motion. Tractive force is used 
principally to overcome these two resistance 
forces. Only if excess traction is available will 
the vehicle accelerate or climb grades. 

2. All the resistance forces except air resistance 
are proportional to vehicle weight. Neverthe- 
less, a relationship between vehicle weight and 
frontal area (or coefficient of air resistance) is 
apparent, since high-capacity vehicles are usual- 
ly designed for large loads and lower speeds 
and therefore do not require an aerodynamically 
clean body shape, 

3. Rolling and air resistance are functions of ve- 
hicle speed, while grade and inertia resistance 
are independent of speed. 

4. Comparison of air and rolling resistance forces, 

Fig. 48, shows, as a function of speed, the per- 
centile share of these resistances in the total. 

Generally, it can be observed that the effect of 
the air resistance at a certain speed is more 
pronounced on a light passenger car, despite 
its aerodynamically superior quality, than on a 


. 4R „ Com p,r*son of rolling and air resistances for passenger car and heavv 
= 3000 lb, = 0.5, and A - 30 V for the rmck, W " 
3 , 0 lb, c a — 0.8, and A = 70 ft 2 . Coefficient of rolling resistance on both ve- 

hides is assumed as / = 0.01(1 + F/100). Assuming, arbitrarily, that air resistance 
of no practical importance until it reaches 30 per cent of rolling resistance, it is 

found that this value is reached 



at 20 mph for the passenger 
car and 33 mph for the truck. 
At a cruising speed of 70 mph, 
air resistance accounts for 80 
per cent of the tractive force 
on the passenger car, but only 
60 per cent on the truck. This 
fact justifies the emphasis 
placed on the aerodynamic de- 
sign of passenger cars. 
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heavy truck. Considering- the cruising speed on 
modern highways as 70 mph, it is found that an 
average passenger car will use 80 per cent of 
its tractive force to overcome air resistance. 
The necessity for aerodynamic perfection, espe- 
cially on small cars operated at high speeds, is 
evident. 

On the other hand, air resistance does not be- 
come appreciable until a certain speed is 
reached. Assuming that air resistance will be 
considered only after it reaches at least 30 per 
cent of rolling resistance {R a — 0.3 R r ), it is 
found that air resistance is negligible on pas- 
senger cars for speeds below 20 mph and on 
trucks below 35 mph. Rolling and air resist- 
ances are equal at speeds of about 35 and 55 
mph, respectively (Fig. 48). 

5. Similarity of the characteristics of grade and 
inertia resistances enables mathematical com- 
parisons to be made. The excess tractive force 
will produce either an acceleration a (ft per sec 2 ) 
or enable the vehicle to climb the grade G (per 
cent). From Equations 61 (Part 5) and 78, the 
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following relation can be derived: 


9 G 

a = 

lOOy 


(89) 


Correspondingly, if maximum acceleration on 
level ground is known, the acceleration a g while 
the vehicle is ascending grade G can be calcu- 
lated as 


cij = a — 


go 

lOOy 


(90) 


Therefore, the same excess tractive force 
will produce either a 10 per cent grade-climb- 
ing ability or an acceleration of 0.1 (<7/y) ft 
per sec 2 . 

In the next part of this series, the effects of 
weight distribution on vehicle static and dynamic 
stability (against tipping) are reviewed. Experi- 
mental and analytical methods for determining the 
vehicle center of gravity are also presented. 
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By JAROSLAV J. TABOREK* 

Development Engineer 
Towmotor Corp. 
Cleveland 


F orces that~act on a moving vehicle, reviewed 
in preceding articles of this series, are essen- 
tial factors in performance and stability cal- 
culations. Certain static vehicle characteristics, 
fixed principally by the weight distribution of the 
vehicle (loaded and unloaded), are also significant 
to the vehicle designer. In this article, analytical 
and experimental methods for finding vehicle cen- 
ters of gravity in the longitudinal, transverse and 
vertical directions are described. 


► How to Find the CG 


The relationship between static axle reactions 
and eg position is revealed by consideration of 
Fig. 49. Axle reactions W f and W r are obtained by 
writing the moment-equilibrium equations for the 
ground-contact points: 


w, = 


w 


i> 


cos e + H sin ( 


±«) ] 


(91.1) 


Co* N< BarUes^ine C ^ Okla^ Develo J> men t Engineer. Phllllpa Petroleum 



Fig. 49 — Relationship between static axle reactions and 
position of the center of gravity. The downhill axle car- 
ries the greater load because of the raised eg. 


_ w r i 

Wr L~ L L f cos$ ~ Bsin (±0) J (91.2) 

W cos e = Wf + W r ( 91 . 3 ) 

In these equations, it is assumed that the longi- 
tudinal and horizontal co-ordinates (L„ L f and H) 
of the center of gravity are known. The downhill 
axle carries the greater load because of the raised 
position of the eg. However, the sum of both axle 
reactions equals the normal weight component. 
Positive sign for angle 6 is arbitrarily taken for 
an uphill slope. 


Longitudinal and Transverse CG Location: Posi- 
tion of the center of gravity in the longitudinal di- 
rection can be found by weighing the vehicle, Fig. 
50a. With one axle of the vehicle on a scale at a 
time, the other supported on firm ground, front 
and rear axle weights, W f and W rj can be obtained. 
The longitudinal position of the eg is calculated 
from the two relations 


Nomenclature 


H — Height of center of gravity, ft 
B q = Height of eg of load, ft 
I ~ Mass moment of inertia around eg of body, 
lb-ft-sec 2 

J — Mass moment of inertia around oscUlation 
point, lb-ft-sec 2 
L = Wheelbase, ft 

L/ = Distance between front axle and eg of 
vehicle, ft 

L q = Load action arm, ft 

L r = Distanoe between rear axle and eg of vehi- 
cle, ft 

Q = Load, lb 
r f = Front-tire radius, ft 
r T — Rear-tire radius, ft 
S = Wheel tread, ft 

S lt S 2 — Distances determining lateral eg position 
in relation to vehicle tread, ft 
T = Oscillation time, sec 
W = Vehicle weight, lb 
W f — Front-axle- weight (static), lb 
W r — Rear-axle weight (static), lb 
W lt W 2 — Static weight on the left and right-side 
wheels, lb 


i 
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50 


Center of Gravity 


• static axle reactions 

• side-tilting 

• weighing with elevated axle 

• vehicle pendulum 


L,= 


LW r 

w 


Lr 


LWj 

W 


(92) 


Addition of co-ordinates L f and L r should give 
wheelbase L, affording a check on the accuracy of 
the measurements. 

The transverse position of the center of gravity 
can be assumed to lie on the axis of symmetry 
of the vehicle only when vehicle weight is uni- 
formly distributed on each side of the longitudinal 
axis. For accurate results, or on vehicles with 
asymmetrical weight distribution, the transverse 
position of the center of gravity can be determined 
by a method similar to that described. In this case, 
weights of the right and left-side wheels (W x and 
W 2 ) are found by weighing, Fig. 50b, and the co- 
ordinates of the transverse center of gravity loca- 
tion are determined from 


Si 


sw 2 

~w~ 


&2 


SWi 

w 


As a check, again S T + S 2 = S. 


(93) 


Height of CG: Determination of the vertical posi- 
tion of the center of gravity, distance H in Fig. 51, 
is more difficult. Following are the principal meth- 
ods: (1) Side tilting, (2) Weighing with one axle 
elevated, and (3) The pendulum method. 

Side Tilting: The vehicle is tilted sideways (Fig. 
51) and the angle of inclination ft is measured 
when the vehicle balances. By inspection of the 
geometry of the tilted vehicle, 

Si 

H = r + (94) 

tan j3 

This method presupposes a round tire cross section 
(point contact with the ground) and assumes an 
exact knowledge of S l7 the lateral position of the 
center of gravity. Accuracy of this method is high- 
ly questionable, since not all of these conditions 
are fulfilled in the usual case. Also, the necessary 
angular measurement may offer a problem. To 
create the best possible experimental conditions, 
high tire-inflation pressure should be used, and 
springs should be locked in position to prevent 
uneven deflection. Unavoidable tire distortion will, 
in any case, give uncontrollable errors. If higher 
than normal working tire pressure is used, correc- 
tion for the effective tire radius should be made 
in the final result. This method of fixing eg loca- 


Fig. 50 — Weighing front 
and rear axles one at a 
time, a, gives the longi- 
tudinal position of the 
eg. Where the eg is not 
on the longitudinal axis 
of symmetry, b, right- 
side and left-side wheels 
can be weighed to fix 
the transverse position 
of the eg. 
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Fig. 51 — By tilting the vehicle to one side until 
it balances, vertical height of the eg can be cal- 
culated from a measurement of tilt p. This 
method of locating the eg requires that front and 
rear wheels have the same tread. 


This establishes a vertical line which crosses 
the known longitudinal position of the center of 
gravity and determines the eg position in the hori- 
zontal direction. Height H is next scaled from the 
layout, giving sufficient accuracy for the usual 
performance calculation. 

Analytical Method : Evaluation of the vertical 
position of the eg for the difficult case of unequal 
front and rear tire diameters, Fig. 53, is illustrated 
by the following development. 

Let the difference in loaded effective tire radii 
on rear and front axles be designated by Ar, where 

Ar = r r — r (96) 

and r f and r f are radii of front and rear wheels. 
By inspection "Fig- 53), 

L t ’ — L r cos p + h sin p 

L' — x cos p = (L — Ar tan j3) cos p (97) 

Dividing both equations by cos (3 and substituting 
L / and U into Equation 95, it follows that 

Wf L - Wf Ar tan p = WL r + Wh tan p (98) 

For easier calculation, L r can be eliminated by sub- 
stituting 

WL r - W f L (99) 

from Equation 92. Height of the eg above the 
rear axle center is then 


tion is limited to vehicles with front and rear tires 
in line. Other wheel arrangements do not have 
the tilt axis parallel to the axis of symmetry of the 
vehicle, a condition which is necessary for use of 
the method. 

Weighing With One Axle Elevated : This meth- 
od requires measurement of the weight of one axle ; 
the other axle is raised to arbitrary height, n, Fig. 
52. Actual height of the axle elevation is unim- 
portant. The angle of tilt must be measured ac- 
curately, usually by determining one or both longi- 
tudinal distances U and n. Springs should be locked 
in normal position, and the location of the center 
of gravity in the longitudinal direction (distance 
L r ) must be known. In elevating the axle, care 
should be taken that the hoist does not touch any 
part of the vehicle except the axle, since addi- 
tional moments might be introduced that would 
disturb the results. 

This method can be used irrespective of the 
wheel arrangement on the vehicle, for example, 
on three-wheel vehicles and with unequal tire di- 
ameters. Results can be obtained by the graphical 
or analytical methods described in the following. 

Graphical Method: In many applications, a simple 
graphical method gives H quickly and with suf- 
ficient accuracy. Measuring the height of eleva- 
tion n, and obtaining the corresponding weight of 
the lower axle, Wf (Fig. 52), distance L / can be 
calculated from the expression 

Wf V Wf 

w = - w = IT VL2 " * 2 (95) 

where N — n — r. 


L(Wf — Wf) Wf Ar 

h — ' — 

W tan p W 


( 100 ) 


Angle (3 cannot be measured directly and will be 



Fig. 52 — Height of the eg can be determined by 
weighing one axle with the other elevated to ar- 
bitrary height n , With longitudinal eg position L r 
known, LJ is calculated from Equation 95. This al- 
lows two lines to be drawn that intersect at the vehi- 
cle eg. Height H can be scaled from the layout. 
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calculated from /3 ~ a — y, where the component 
angles are 

N 

tan a = 

L' 


A r 

tan y = - (101) 

L 


with rear axle elevated, and n = Height of eleva- 
tion of the rear-axle center. 

For vehicles with equal tire radii on front and 
rear axles, Equation 103 is simplified, since A r — 
0 and y = 0, giving 



Only the following measurements are then neces- 
sary: Wf — Weight of the front axle with vehicle 
on level ground, W/ ~ Weight of the front axle 


(W / - Wj)L \'L- - N- 


Calculation of the height of the center of gravity 
by this method requires no special equipment, and 
accuracy is superior to the side-tilting method. 
It is recommended, however, that several calcula- 
tions be made at different heights of rear-axle 
elevation and with front and rear axles alternately 
raised. 


Pendulum Method : This method of finding 
vertical eg position is based on the physical law 
that determines the oscillation period of a com- 
pound pendulum as a function of the center of 
gravity position of the swinging mass. The meas- 
uring arrangement consists of two pendulum struc- 
tures of lengths h 9 and h 8 , carefully suspended 
on knife edges, Fig. 54. Location of the pendulum 
centers of gravity (unloaded) and their oscillation 
times are known. The vehicle is placed, successively, 
on both long and the short pendulums, and the 
oscillation times of the combined systems are 
measured. Height of the center of gravity is then 
calculated from oscillation times. 

Described in detail in Reference 40, derivation 
of the expression for H, the vertical position of 



Fig. 53 — When front and rear wheels have different 
diameters, height of the eg can be determined from 
Equations 100 and 103- Measurements required are: 

(1) Weight of front axle with the vehicle level, W f ; 

(2) Weight of front axle with rear axle elevated, 
B 7 /; and (3) Height of rear axle, m . 



Fig. 54 — Determination of center-of -gravity height 
by the pendulum method. Two "swing’* struc- 
tures (heights b g and b ,) are used, and the oscil- 
lation time of each is measured with the vehicle 
on the platform. With all other pendulum data 
known, eg height can be calculated. 
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Fig. 55 — Position of eg 
of loaded vehicle (eg of 
load and eg of empty 
vehicle known) can be 
calculated from Equation 
106 . 


the vehicle eg, is not given here. Form of the 
equation, where cap and lower-case subscripts re- 
fer to the long and short swings, is 

l 

Yj — ^ 

W P (T S ,2 - Ttv 2 ) - 8tt 2 m v (h s ~ K) 

[W, L t (T . 2 - T $v 2 ) - WsLsW - T Sv 2 ) + 


W p ( T Sv 2 h 8 - T av 2 h, ) - 4^2 Wp ( hs 2 - ) ] ( 106 ) 

Containing, for the most part, known swing and 
vehicle constants, Equation 106 requires only the 
measurement of T 8V and T Sv , which are the oscilla- 
tion times of the short and long pendulums, re- 
spectively, with the vehicle in place. 

For extreme accuracy in measurement, the buoy- 
ancy of the vehicle in the air and the increase of 
mass due to the entrapped air volume should be 
taken into consideration. Buoyancy of the swing 
structure is considered negligible. 

From this brief description, it is seen that the 
pendulum method requires quite elaborate equip- 
ment and therefore finds use only in well equipped 
laboratories. Accuracy claimed is within ±1 per 
cent, which is the highest , of all methods. 

Center of Gravity of a Loaded Vehicle: For prac- 
tical reasons, the center of gravity of a vehicle 
is often determined in the empty condition. Per- 
formance calculations, however, usually require the 
eg position to be known in the loaded state. For 
yehicles, which operate under changing loads, both 
conditions are of importance : the minimum traction 
and braking performance will be realized with ve- 


hicle empty, while other performance and stability 
calculations will use the loaded-vehicle data. 

Center of gravity of the load can usually be cal- 
culated without difficulty. Designating the posi- 
tion of the center of gravity of any load Q m as 
positioned on the vehicle with co-ordinates L q , H q 
and S Q , Fig. 55, the location of the loaded-vehicle 
eg can be calculated from 

L * WL/ + SQL, 

W + ZQ 


WH + ZQH q 

H* — - 

W + IQ 


WS X + 2 Q8 q 
W + ZQ 


(107) 


Starred values designate the eg co-ordinates of 
the loaded vehicle. 

Knowledge of vehicle eg position leads to an 
evaluation of static and dynamic stability against 
tipping. Discussed in the next article of this series, 
the problem is particularly important on a vehicle 
that is designed to carry a load outside of its 
wheelbase. Fork lift trucks, front-end loaders, 
scoops and cranes are typical examples. 
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Longitudinal Stability 
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S TABILITY against tipping — in either lateral 
or longitudinal directions — is an essential 
characteristic of any well-behaved vehicle. 
The problem of predicting tipping stability assumes 
special importance where the vehicle center of 
gravity is high, or where the vehicle is designed 
to carry a load outside of its wheelbase. Represent- 
ative of the latter case are fork lift trucks, load- 
ers, scoops and cranes. 


front-axle ground-contact point gives the equation: 

QaH q 

L f W cos 6 = L q Q cos 6 + H q Q sin e + + 

9 


WaH 

HW sin 6 + — + 

9 


Qa q L q 
9 


(108) 


This equation applies, of course, for the state of 
balance. In practice, stabilizing moments must be 


Nomenclature 


Dynamic and Static Moments 

Part 4 of this series (July 11, 1957) dealt with 
vehicle side tipping on a curve resulting from the 
action of centrifugal forces. In the following sec- 
tion, stability of a vehicle in straight-line motion 
is examined and related to the position of its cen- 
ter of gravity. As a special case, stability of a 
load-carrying vehicle while stationary is also in- 
vestigated. 

Dynamic Stability in the Drive Direction: In the 
general case, moments affecting the dynamic longi- 
tudinal stability of a vehicle are : 

1. Static moments of the load and of the empty 
vehicle on level ground. 

2. Static moments due to ground inclination. 

3. Moments due to acceleration of the vehicle in 
the drive direction. 

4. Moments due to forces of acceleration on the 
lifted or lowered load. 

One of the worst possible combinations of forces 
is represented in Fig. 56 where a fork-lift truck 
is shown being decelerated on a down-hill slope 
and the load is being decelerated while moving 
downward. Equilibrium of moments around the 
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a = Acceleration, ft per sec 2 
a q = Load acceleration, ft per sec 2 
D = Drawbar pull, lb 
/ = Coefficient of rolling resistance 
H — Height of eg from ground, in. 

H a = Height of action point of the air-resistance 
force, in. 

H d = Height of the hitch point, in. 

I = Polar moment of inertia, ft-lb-sec 2 
L = Wheelbase, in. 

Lf, L t = Distances of eg from front and rear axles, 
in. 

M d = Torque on drive axle, Ib-ft 
M e ~ Engine torque, lb-ft 
P = Tractive force, lb 

Pf, P T = Tractive forces of front and rear-wheel 
drives, lb 

R a = Air resistance, lb 
R g = Grade resistance, lb 
Ri = Inertia resistance, lb 

R it = Inertia resistance of translatory mass, lb 
R r ~ Rolling resistance, lb 

W d f, W dr = Dynamic weights on front and rear axles, 
lb 

A W d = Dynamic weight transfer in driving, lb 
a = Angular acceleration, rad per sec 2 
f = Reduction ratio 
I = Transmission efficiency 
fk = Road adhesion coefficient 
$ = Horizontal slope, deg 
9 — Stability factor 
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made iarger by a stability or safety factor <j, de- 
fined as the ratio of the stabilizing to the over- 
turning moment. 

Stability can be expressed either as a ratio or 
as a percentage margin, the two being connected 
by the relation 

Stability Margin, per cent = ( a ~ 1) X 100 (109) 

Rearranging Equation 108 so that every sta- 
bility influencing factor forms its own group, 

l 


where 

A = Static Level Moments 

= QL q 
WL f 

B — Moments due to Slope 
tan 8 ( WH + QH q ) 

WL f 

C — Moments due to Vehicle Acceleration 

a(WH + QH q ) 
gLf W cos 8 

D — Moments due to Load Acceleration 

= Q(? g L " 
gLf W cos 8 

Terms containing grade or acceleration can have 
either a tipping or a stabilizing effect, depending 
on the direction of the slope and the direction of 
the acceleration. Convention for assigning signs 
is as follows: + 0, downhill; -fa, braking; + a g , 
deceleration. 

Static Stability: Equation 110 is difficult to work 


with and requires chat values of 0, a and a g be 
assumed. In practice, stability is often determined 
for static level-ground conditions only. In such 
cases, it is sufficient to know eg locations of the 
vehicle and of the load. Values of the static 
stability factor are then selected on an experience 
basis. Adjustments, of course, are made for each 
specific application so as to provide sufficient 
safety margin for anticipated dynamic conditions 
and horizontal slope. 

In Fig. 57, a lift truck is shown in level-ground 
position. The stability factor is 

L f W 

* = — ( 111 ) 

L q Q 

which is identical to Equation 110 if interpreted 
for stationary conditions and level ground. 

It is apparent that stability is determined not 
only by the weight of the load alone but, in addi- 
tion, by its moment around the tipping point. 
For a given stability factor, the product of load 
Q qjid action arm L q is constant. Graphically 
such a relation is represented by a hyperbolic 
curve, Fig. 57. While values of both variables are 
theoretically unlimited where the stability effect 
is concerned, the load magnitude is restricted by 
the strength of vehicle structural parts, and prac- 
tical considerations will limit the length of the 
action arm. 

Stability Calculations: The techniques employed 
in stability calculations are best demonstrated by 
an example: 

Assume that a lift truck has empty weight 
W — 12,200 lb and eg location at L f = 46 in. and 
H = 30 in. The nominal load capacity is 11,000 lb 
at L g — 40 in. The relation between the load and 
its corresponding permissible distances from the 
support point is to be determined for a stability 
margin range of zero (tipping limit), 25 per cent, 
and 50 per cent. 
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Fig. 56 — The fork lift 
truck is representative of 
vehicles designed to car- 
ry loads outside of: their 
wheelbases. The sketch 
illustrates the stability- 
affecting factors for the 
general case: downhill 

slope, deceleration of the 
vehicle in translatory mo- 
tion and deceleration of 
the load while being 
lowered. 
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Static Stability on Level Ground: The re- 
arranged stability equation is 

r L f w (46) (12,200) 

L, V (112) 

a a 

From the desired stability margins, the corre- 
sponding stability factors, a, are 1.00, 1.25 and 
1.50, respectively. With an assumed series of Q 
values, the corresponding distances L q can be calcu- 
lated. Results are plotted as a family of curves 
in Fig. 57. 

For the nominal capacity of the truck, the sta- 
bility factor is 


a 


(46) (12,200) 
(40) (11,000) 


1.27 or 27% margin 


(113) 


If the absolute load limit Q is 14,000 lb, the truck 
can carry 6,300 lb at L q = 70 in. (tips of the 
forks) and maintain a nominal stability margin 
of 27 per cent. 

Stability on Unbanked Slopes and Under 
Dynamic Conditions: For the same nominal ca- 
pacity data, a stability check will be made for 
static and dynamic grade conditions. The eg 
height of the load is assumed variable between 
40 in. (load lowered) and 100 in. (load elevated). 
For the stationary condition, the grade is first 
calculated for which the truck would tip over 
(<7 = 1). Rearranged, Equation 110 is written as 


tan e max 


H q Q + HW 


_ (46) (12,200) — (40) (11,000) 

H,(11,OOo7T730) (12,200) ( 1 14 * 

For the assumed conditions, results are as fol- 
lows: 

1. Load lowered (H q = 40 in.), tan e max = 0.15 
cind 0 max — 8.0 deg, or a 15 per cent grade. 

2. Load elevated ( H q = 100 in.), tan 6 max = 

0.082 and Q max = 4.79 deg, or an 8.2 per cent 
grade. 

Maximum translatory deceleration of the vehicle 
at the point of tipping (or = 1) on level ground 
is next established. From Equation 110, 


g(L f w - L q Q) 

®moi — 

H„ Q + HW 

_ ff[ (46) (12,200) - ( 40) (11,000) ] 

#,(1L000) + (30) (12,200) (115) 

Substituting again for H q , results are as follows: 

1. Load lowered (H q = 40 in.), a max = 0.15 g = 
4.8 ft-sec — 2 . 

2. Load elevated (H q = 100 in.), a max = 0.082 g 
= 2. 6 ft-sec- 2 . 

Maximum safe deceleration ( a = 1) of the load 
when it is lowered is 


U r , max 


g(L, W - L q Q) 

L„Q 

g[ (46) (12,200) - (40) (11,000) J 
(40) (1L000) 


= 0.27 g = 8.7 ft sec-2 
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Any combination of values for grade and accelera- 
tion can, of course, be assumed and the actual 
stability calculated from Equation 110. 

Finding Moments of Inertia 

There are several occasions in the study of ve- 
hicle dynamics where calculation of moments of in- 
ertia is required: 

1. In the determination of the kinetic energy of 
rotating parts, such as wheels and tires, gears, 
flywheels, clutches, crankshafts and connecting 
rods. 

2. In the design of suspension systems. 

3. In the calculation of directional stability and 
curve behavior. In such cases, the inertia mo- 
ment of the whole vehicle with respect to all 
three axes is required. 

Mass moment of inertia, designated /„, is de- 
fined by 

. _ TTfc2 

Urn) - = — ft-lb-sec2 (117) 

where k is the radius of gyration. The mass mo- 



F ' 8 ; 57— Capacity-rating technique for a vehicle 
with load carried outside of the wheelbase. The 
stability factor <r is defined as the ratio of stabilis- 
ing to overturning moments. The relation between 
the load Q and load moment arm L> 0 plots as a fam- 
ily of hyperbolas with <r as a parameter. 
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mem ib used commonly in Great Britain and on 
the continent. In U.S. automotive practice, the 
weight moment of inertia I (V) ^ which is the prod- 
uct of the weight and the square of the radius of 
gyration, is widely used. By definition, 

I(i u) — Wh 2 lb-ft 2 (118) 

Mass and weight moments of inertia are related 
by the simple relationship 

I(w) = l(m)9 (119) 

The moment of inertia of symmetrical parts, 
for example, wheels and gears, can be calculated 
by conventional mathematical methods supplement- 
ed by sensible approximations. For irregular parts, 
one of the following experimental methods can be 
used: 

1. Pendulum method, introduced in Part 7 as a 
means for determining the height of the vehicle 
center of gravity, can also be used to find the 
inertia moment around the transverse axis. 

2. Torsional oscillation method, used to deter- 
mine inertia moments around a vertical axis, re- 
quires that the body be rigidly fastened at its 
center of gravity to a torsion wire. For a known 
twisting moment D (lb-ft per rad) producing unit 
deflection, the inertia moment can be calculated 
from the measured oscillation time T. The relation- 
ship is 


[~T 


lb-ft-sec 2 


inertia moment. 

3. A third method also uses the weight of the 
body as an initiating force for torsional oscilla- 
tions. Suspended freely on two flexible wires of 
length L , spaced distance A apart, the body of 
weight W is given a torsional motion of small 
angular displacement. Time of one complete oscilla- 
tion T is then measured. The inertia moment around 
the vertical axis is 




lb-ft-sec 2 


The value of D for the torsion pendulum can be 
found by applying Equation 120 to a body of known 


Direct suspension of the body itself is a useful 
technique for small parts. However, if the inertia 
moment of the entire vehicle is to be measured, a 
platform is usually constructed. The inertia mo- 
ment of the platform is deducted from the cal- 
culated inertia moment of the car-platform com- 
bination. 


Dynamic Axle Reactions 

Tractive force between vehicle driving wheels 
and the ground is a function of the road-adhesion 
coefficient ^ and the effective weight on the driv- 
ing wheels. When axle reactions are found by 
weighing or are calculated from the eg position, 
results apply only for the stationary vehicle. The 
moving vehicle, on the other hand, is subject to 
the action of motion-resisting forces which cause 
a weight shift toward one of the axles. The re- 
sulting effective axle reactibn is herein designated 
the dynamic axle weight, and is the factor which 
ultimately determines the maximum transferable 



D - Drawbar pall 

Pf >P r * Tractive forces on front and rear axles 
Pa s Air resistance 

Pit - inertia resistance of translatory mass 
% Wj r = Dynomic axle reactions 

I = Inertia moment of rotating parts 


Fig. 58-— Vehicle in accelerated motion uphill. 
Ail possible forces are represented. 
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tractive force. 

All other vehicle performance factors, such as 
acceleration, gradability, speed and drawbar pull, 
depend directly on the available tractive force. 
In following sections of this article, dynamic axle 
reactions are examined and are related in the next 
article to the performance limits of front, rear 
and four-wheel drive vehicles. 

Dynamic Axle Weights: A vehicle in accelerated 
motion up-hill with all possible forces represented 
is shown in Fig. 58. Dynamic axle reactions are 
best determined by forming moment equations 
around the tire-ground contact points. This pro- 
cedure eliminates all forces acting in the ground 
plane. Resulting relationships are 

W df = — I L r W cos 8 - HW sin (±9) - 
L L. 

H a R a - Hina - H d D 1 (122.1) 


W, 


,r ~ ~E~ [ L ' 


W cos 9 4 HW sin ( ± 9 ) 


H a R a - Hma - H d D 
W cos 9 - W dr 4 - W df 


( 122 . 2 ) 

(122.3) 


where W df is the dynamic weight on the front axle 
and W dr is the dynamic weight on the rear axle. 

Rolling resistance, tractive force and the inertia- 
resistance torque of rotating parts do not appear 
in these equations since they form no moment 
with respect to the tire-ground contact point. By 
inspection of the equations and from common ex- 
perience, it is apparent that the weight transfer 
for the vehicle in Fig. 58 is toward the rear axle. 

Results identical to those of Equations 122.1 to 
122.3 are obtained when moments are taken around 
the axle centers. Ground-plane forces, that is, roll- 
ing resistance, tractive force and inertia torques 
of rotating parts, would enter such calculations. 
Additional moments would therefore be created 
with the rolling radius of the tire as a lever arm. 
These additional terms would be canceled out in the 
final form of the moment equation. 

From an analysis of the influences of different 
forces affeeting dynamic axle weight, it is seen 
that : 

1. Weight of the vehicle appears in the normal- 
to- ground (cosine) component of the grade angle 
0. The influence of the cosine factor, however, is 
usually negligible. For example, for a gradability 
limit of 30 per cent or 17 deg, the corresponding 
cosine has a value of 0.96 ; for the usual maximum 
road grades of 12 per cent, the cosine equals 
0.993. Therefore, in subsequent calculations, the 
approximation W cos 0 ^ W has been adopted. 
Where the cos 0 factor still appears, it is only 
to show relationships in theoretically correct form. 

2. The effect of grade resistance R g is to give 
a weight increase on the down-hill axle propor- 

onal to the sine of the grade angle and to the 
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height of the vehicle eg. The grade angle 9 is con- 
sidered positive if grade resistance is motion oppos- 
ing (uphill travel). Conversely, grade resistance be- 
comes a motion-promoting force as the grade angle 
changes sign from positive to negative, since 

sin ( — 9 ) = — sin 9 ( 123 ) 

3. Air resistance tends normally to increase the 
rear-axle reaction by a weight proportional to H a , 
the height of the air resistance action point. De- 
termination of exact relationships, however, is dif- 
ficult at high vehicle speeds where air lift forces 
of unpredictable characteristics appear. Such forces 
diminish axle weight, particularly on the front 
axle. To counteract this effect, high-speed vehicle 
bodies are designed to create a vertical component 
of the air-resistance force which will balance the 
lift force and provide further additions to axle 
weight. 

4. Inertia resistance that affects dynamic axle 
weights is that portion of the total force resulting 
from acceleration of the translatory vehicle mass. 
Acting at the mass center of the vehicle, effect of 
this force is proportional to the height of the eg. 
The inertia torque of rotating parts, M i} which 
can be imagined as a resistance force acting at 
the ground contact point, is similar to all ground- 
plane forces in that there is no influence on dy- 
namic axle weights. 

5. Drawbar pull D , acting at the hinge point, 
also increases rear-axle weight by an amount pro- 
portional to H d , the height of the drawbar action 
point. 

For a stationary vehicle, motion-dependent re- 
sistance forces disappear, and dynamic axle weights 
equal static weights. 

Simplified Method: While Equations 122.1 

through 122.3 are mathematically exact, they are 
unhandy to work with. This is because air resist- 
ance is a function of speed and inertia resistance 
is a function of acceleration. Furthermore, the state 
of motion must be known, and the calculation is 
limited to instantaneous values. A simplification 
can be introduced by the approximation 

H — H a — H d M24 ) 

This implies that all resistance forces are assumed 
to act at a height equal to that of the center of 
gravity of the vehicle. Such a condition is very 
nearly true for the air-resistance force, but for 
drawbar pull, the approximation should be em- 
ployed with discretion. 

With this simplification, Equations 122.1 through 
122.3 can be rewritten as 

W dt = I L f W - H ( R g 4 R a 4 R it 4 D) 1 

(125.1 ) 

W dr = -I— [ I./W + tf (K„ 4- R„ + R„ + D) j 

(126.2) 
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From the equilibrium of forces parallel to the 
ground, the following equation results : 

P ~ ( R r1 + R rr ) = R g + R a + R lt + D (126) 

The right side of this equation is identical with 
the terms in parenthesis in Equations 125.1 and 
125.2. Further, total rolling resistance of the vehi- 
cle is unaffected by dynamic weight transfer and 
equals the sum of the front and rear-axle compo- 
nents, or 

R rf -f R rr -- R r — fW cos 6 ~ fW (127) 

When Equations 125, 126 and 127 are combined, 
an equation results where the dynamic axle weights 
are a function of the tractive force P, or 

L r \V H(P-fW) 

w df = (128.1) 

A Li 

L,W H(P-fW) 

' — r + 7 (128.2) 

Li Li 

From these equations, dynamic axle weight can 
be readily calculated for any vehicle operating 


condition if the tractive force is known. It is of 
interest to note that the first term on the right 
side of each equation is the static level axle weight, 
while the second term represents the actual change 
in the axle weights, or the so-called dynamic weight 
transfer A W d . It is also of importance to note that 
the equations are independent of the state of mo- 
tion (speed or acceleration), the only variable 
being tractive force P. Further, the form of mo- 
tion-resisting forces is unimportant, and the equa- 
tions are applicable whether the vehicle is equipped 
with front, rear, or four-wheel drive. 

Using the dynamic weight transfer term A W d , 
the axle weight equations can be written 

W df - Wf - A W d (129.1) 

W dr = W r + A W d (129.2) 

where Wf and W r are static level axle weights. 
For determination of A W d , the value of tractive 
force P is required. It can be calculated from M d , 
the torque on the driving axle which, in turn, is 
a function of engine torque M e , total reduction ra- 
tio £ and transmission efficiency rj. The expression 
is 
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Example 2 — Dynamic Axle Weight 


A vehicle has gross weight of 3000 lb and is 
driven by an engine delivering* a maximum 
torque of 200 lb-ft. The differential ratio is 
3.9 and low-gear ratio 2.8. Transmission ef- 
ficiency is assumed as 90 per cent in direct drive 
and 85 per cent in low gear. The weight is 
distributed to the axles as follows. Lf = (0.55) 

(L), L r — (0.45(A) and eg height H is (0.35) 
(A). Rolling radius r of the tire is 1.1 ft, and 
coefficient of rolling resistance / is 0.02. 

The dynamic axle weights for max. engine 
torque output are to be determined for direct 
drive and for low gear. 

Static axle weights are given by the eg loca- 
tion; or 


W f = L r W = 


(0.45) AW 


(0.45) (3000) = 1350 lb 


W r = W - Wf = 3000 - 1350 = 1650 lb 


1. In direct drive, 


A W d = 


(0.35) A 


A 

= 200 lb 
2. In low gear, 


700 

1,1 


(0.02) (3000) 


A W d = 


(0.35) A 


r 1860 -I 

[ — - - - (0.02) (3000) J 


A 

= 570 lb 


which is a 42 per cent weight decrease on the 
front axle, or a 34.5 per cent weight increase 
on the rear axle over the static load. 

Dynamic axle weights are then: 

1. In direct drive, 

W df = 1150 lb 


The effective torque on the drive axle, M d , is 
found from Equation 130. Results are: 

1. In direct drive, 

M d = (200) (3.9) (0.9) = 700 lb-ft 

2. In low gear, 


W dr - 1850 lb 


2. In low gear, 


W d/ = 780 lb 
W dr = 2220 lb 


M d = (200) (3.9) (2.8) (0.85) = 1860 lb-ft 

The dynamic weight transfer is then calculated 
from Equation 131. Results are: 


It is apparent that weight transfer is consid- 
erable, especially in high- reduction drive. Re- 
sults are the same whether the tractive force 
produces motion acceleration or drawbar pull. 
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The dynamic weight transfer term is then 



It is seen that the weight transfer term is merely 
a function of wheelbase L and eg height H ; it is 


LONGITUDINAL STABILITY 


independent of eg position and almost independ- 
ent of weight (fW term is small). Example 2 illus- 
trates the calculation technique. 

The next part of this series examines the per- 
formance limits of a vehicle, that is, traction, 
speed, gradability, acceleration and drawbar limits, 
and relates these factors to the fundamental pro- 
pulsive force. 



M AXIMUM transferable tractive force — as de- 
termined by the nature of the wheel-ground 
connection — sets a fundamental limit to ve- 
hicle performance. It follows, therefore, that the 
type of drive employed in the vehicle — front, rear, 
or four-wheel — influences its ultimate capacity for 
speed, acceleration, gradability, and drawbar pull. 

In this article, the performance-limit concept is 
reviewed, and the relative advantages of the three 
common drive systems are compared. 

Equation of Motion: Performance of a vehicle 
can be predicted from its equation of motion. When 
interpreted for a moving vehicle, the energy theo- 
rem gives the differential expression 

dE - (P — 2 R) ds (132) 

where P is tractive force and %R = R r 4 - R a + 
R g 4- D . When both rotating and translating ve- 
hicle masses are considered, 

(133) 

✓ 

As detailed in Part 6 (Aug. 8 , 1957), this expres- 
sion is differentiated and the following substitu- 
tions are made : 

W — Ud £ 

v 

Ud 

r 

2 / p 

my = m + 

r 2 

'Now Research and Development Engineer, Phillips Petroleum 
Co.. Bartlesville. Okla. 


In these equations, u> rf is the angular speed of the 
driving wheels, f is the reduction ratio between 
each rotating part and the driving axle and y is 
the factor giving the equivalent inertial effect of 
rotating parts (Part 6 ). After these operations 
are performed, the resulting expression for dE is 

dE = mvdv + 2 Jco dw 

l 2 /f 2 \ 

— vdv ^ ?n 4 - — J 

= vmydv (135) 

Since v — ds/dt> and a = dv/dt , combining Equa- 
tions 132 and 135 gives 

amy = P - (R r + R a + R g + D) (136) 

which is the general equation of vehicle motion. 


► Performance Limits 

Calculation of vehicle performance limits is 
based on the fundamental relation 

R max W d /i (137) 

This equation shows that the maximum tractive 
force that can be transmitted by the driving wheels 
is a function of both the effective dynamic axle 
weight W d and the coefficient of road adhesion ^ 
as determined by existing road conditions (Part 1). 

The type of drive — front, rear, or four-wheel — 
exerts a decisive influence on the magnitude of the 
transferable tractive force. Dynamic weight shift, 
for example, generally decreases front-axle weight, 
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making the front-wheel drive system generally less 
effective than the rear-wheel system. The four- 
wheel drive, on the other hand, theoretically util- 
izes full vehicle weight. 

In following calculations, it is assumed that the 
vehicle operates on a road without side eleva- 
tion (no bank) and that the coefficients of road 
adhesion ^ and rolling resistance / are identical 
for all vehicle wheels. With these assumed con- 
ditions, limits of performance can be calculated for 
all three drive types. 


To simplify its handling in subsequent calcula- 
tions, the bracketed term in Equation 141 can be 
designated by the symbol w, which is interpreted 
as the weight-distribution factor W d /W. This is 
the ratio of effective weight on the driving axle 
to total vehicle weight. For the front-wheel drive 
vehicle, Equation 140 shows that the weight-dis- 
tribution factor has the form 


W dt _ L r + fH 
W ~ L + pH 


(142) 


Tractive-Force Limits: The basic tractive-force 
relationship (Equation 137) can be employed to 
give vehicle tractive-force limits as outlined in the 
following section. 

Front-Wheel Drive : Designating maximum 

force and dynamic axle weight on the front wheels 
by Pfmaw and W d1 , respectively, 

Pf max — W d ffl (138) 


Equations 140 and 141 can then be written 

W df - Ww f (143) 

and 

Pi max = #tWW, < 144 > 

Rear-Wheel Drive : The basic equation for 
tractive force on the rear-wheel drive vehicle is 


Substituting this expression into Equation 128.1 
(Part 8), 

L r W H 

iV df = — ~ — - (W d/ fi - fW ) (139) 

Zj l 

After rearrangement, dynamic axle weight becomes 


Prmar = H W dr d 4 5) 

Substituting this expression into Equation 128.2 
and rearranging terms, 


W dr = 


W(L f - }H) 
L - pH 


(146) 


W d/ 


W(L r + fH) 
L + pH 


In this case, the weight-distribution factor tc r is 
^ 140) identified as 


Maximum transferable tractive force is then 

r L r + fH 1 

p '- = ' w l.-rT7irJ (141) 


w r - 


Li- fH 
L — fiH 


(147) 


The maximum transferable traction force is then 
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Example 3 — Performance Limit Calculation 


A vehicle has a gross weight of 3000 lb with 
the following weight distribution: L f ~ (0.55) 
(L), L r ~ (0.45) (L). Height of the center of 
the center of gravity H is (0.35) (L); coefficient 
of rolling resistance / is 0.02. Performance lim- 
its, that is, maximum traction, maximum speed 
as limited by available friction, maximum grad- 
ability and maximum acceleration, are calculated 
in this example. 


Maximum Traction Force: With an assumed 
value of 0.8 for the road-adhesion coefficient /i , 
maximum transferable traction forces for the 
three vehicle drive types are calculated in follow- 
ing sections. 

Front-Wheel Drive: Equation 142 gives the 
weight-distribution factor w f as 

(0.45) (L) + (0.02) (0.35) (L) 

W/ ~ — — = 0.357 

h + (0.8) (0.35) (L) 

From Equation 141, the maximum transferable 
tractive force is then 

Pf wax = (0.08) (3000) (0.357) - 860 lb 

Rear-Wheel Drive: Equation 147 gives the 
weight-distribution factor as 


(0.55) (L) - (0.02) (0.35) (L) 

w r 0.755 

L ~ (0.8) (0.35) (L) 

From Equation 148, the maximum tractive force 
is 


Pr max = (0.8) (3000) (0.755) = 1830 lb 
Four-Wheel Drive: Equation 149, which as- 
sumes that full vehicle weight is utilized in pro- 
ducing traction, gives the result 

P-i max ~ (0.8) (3000) - 2400 lb 
This equation is used with the understanding 
that tractive forces (and engine torque) are dis- 
tributed to front and rear wheels according to 
the requirements of Equation 153, or 

PjL = (0.45) (L) — (0.35) (L) (0.8 — 0.02) _ 17 
P-ir (0.55) (L) + (0.35) (L) (0.8 - 0.02) ~~ 83 

Meaning of this result is that the front axle pro- 
duces 17 per cent and the rear axle 83 per cent 
of the total tractive effort. For comparison, the 
distribution is recalculated for a slippery road 
where p ~ 0.2: 


Front- Wheel drive: 
Vmax = 20 


i 


3000[ (0.357) (0.8) - 0.02J 


(0.5) (25) 


~ 159 mph 
Rear-Wheel Drive: 




Vmax = 20 

= 240 mph 
Four-Wheel Drive: 

V, 


3000[ (0.755) (0.8) - 0.02J 


(0.5) (25) 


= 20 ^- 


000 [ ( 0 . 8 ) 


(0.5) (25) 


(0.02) j 

- = 278 mph 


Gradability Limits: Maximum gradability for 
dry concrete (p ~ 0.8) and for a slippery surface 
( (i = 0.2) is calculated from Equation 162. 

Front- Wheel Drive: Value of the weight-dis- 
tribution factor, found in a preceding part of the 
example, is w = 0.357. 


For the dry surface (p = 0.8), 

G max ~ 100[ (0.0357) (0.8) - 0.02] = 27 per cent 

For slippery surface (p = 0.2), 

G max = 100 r (0.357) (0.20 - 0.02] - 5 per cent 

Rear-Wheel Drive: 

( Dry surface ) 

G max = 100[ (0.755) (0.8) - 0.02] = 58 per cent 
( Slippery surface ) 

G, nnx = 100[ (0.755) (0.2) - 0.02] = 13 per cent 
Four-Wheel Drive: 

( Dry surface ) 

G max = 100[ (0.8) - (0.02)] = 78 per cent 
(Slippery surface) 

Grnax — 100[ (0.2) - (0.02)] = 18 per cent 

It is interesting to note that under slippery 
surface conditions the front-wheel drive vehicle 
is not able to negotiate grades above 5 per cent, 
a value well within the range of grades en- 
countered on normal highways. 


Acceleration Limits: For vehicle operation on 
a level road in direct drive, acceleration limits are 
calculated from Equation 165. Assume y is 1.1. 


Pa _ (0.45) - (0 .35) (0.2 - 0.02) __ 38 
P \t (0.55) + (6735) (0.2 - 0.02 r 62 

These results show that the front axle utilizes 38 
pe^ cent and the rear axle 62 per cent of effective 
engine torque when the road surface becomes 
slippery. It is apparent that changes in opti- 
mum torque distribution for a four-wheel ve- 
hicle are appreciable when road surface condi- 
tions change from dry to wet. 

Speed Limits: With an assumed coefficient of 
air resistance c a ~ 0.5 and projected frontal area 
A ~ 25 sq ft, maximum vehicle speed as limited 
by available friction is calculated by use of Equa- 
tion 158 in the following sections. 


Front-Wheel Drive: 

g 

0max ~ TT [(0 ‘ 357) (0,8) “ (ao2) J 

r 

— 0.26^ = 8.3 ft per sec 2 
Rear-Wheel Drive: 

9 

Umax ^ [(0.755) (0.8) - (0.02)] 

— 0.55y = 17.4 ft per sec 2 
FOUR-WHEEL DRIVE: 

g 

Umax = — [( 0 . 8 ) - ( 0 . 02 )] 

— 0.73<? = 23.3 ft per sec 2 


SR 
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PERFORMANCE LIMITS 


P 


t max 


fiW (Lf - fH) 
L - fiH 


— ft WtO T 


(148) 


Four-Wheel Drive: Substituting the expression 


weight is theoretically utilized in producing trac- 
tive forces. The weight distribution factor is 


Pa max = ^ (149) 

alternately into Equations 128.1 and 128.2, dy- 
namic axle weights on front and rear axles are 

W 

W 4f = [L r — H (p — f)] (150) 

Xj 


w 4 = 1 (152) 

Such an ideal condition is realized, however, only 
when tractive forces (and engine torque) are dis- 
tributed to the axles in the same proportion as are 
the dynamic weights on the respective axles. This 
condition can be expressed by the equation 


W 

W 4r = [L f + H (ft - /)] (151) 

Ij 

For the four-wheel drive arrangement, full vehicle 


Nomenclature 


A = Projected vehicle area in drive direction, 
sq ft 

a = Acceleration, ft per sec 2 
c a = Coefficient of air resistance 
D — Drawbar pull, lb 
E — Kinetic energy, ft-lb 
/ = Coefficient of rolling resistance 
g = Acceleration of gravity, ft per sec 2 
H ~ Height of eg from ground, in. 

H n — Height of action point of air-resistance 
force, in. 

H d — Height of hitch point, in. 

I — Polar moment of inertia, ft-lb-sec 2 
L ~ Wheelbase, in. 

Lf, L t — Distances of eg from front and rear 
axles, in. 

M d = Torque on drive axle, Ib-ft 
M e ~ Engine torque, lb-ft 
m = Mass, lb-sec 2 -^- 1 
P ~ Tractive force, lb 

Pf, P r — Tractive forces of front and rear-wheel 
drives, lb 

P 4 f, P 4r = Tractive forces on front and rear-wheel 
axles of a vehicle with four-wheel drive, 
lb 

R a = Air resistance, lb 
R g ~ Grade resistance, lb 
Ri — Inertia resistance, lb 
R it ~ Inertia resistance of translatory mass, 
lb 

R r ~ Rolling resistance, lb 
r — Rolling radius of tire, ft 
V = Speed, mph 
v = Speed, ft per sec 
W ~ Vehicle weight, lb 
W d —Dynamic weight, lb 
W dr = Dynamic weights on front and rear axles, 
lb 

= Dynamic weight transfer in driving, lb 
to = Weight distribution factor 
w f , w r , tt? 4 — Weight distribution factors for front, 
rear and four-wheel drives 
a — Angular acceleration, rad per sec 2 
f — Reduction ratio 
7/ — Transmission efficiency, per cent 
y = Mass factor of rotating parts 
ft = Road-adhesion coefficient 
a = Stability factor 
« = Angular speed, rad per sec 
e = Slope angle, deg 


P*f = = Lr-H(fi-f) ( 153 } 

P 4r W 4r Lf + H(fi-f) 

It is evident that on a four-wheel drive vehicle, 
optimum distribution of tractive forces is a func- 
tion of the road adhesion coefficient p. This means, 
however, that for theoretically maximum vehicle 
performance, the distribution of tractive forces 
must be adjusted to suit varying road conditions. 
Design attempts in this direction have been made 
but, because of the complexity of the mechanism 
required, no really satisfactory solution has been 
obtained. For the purposes of this article, tractive 
force distribution for the four-wheel drive vehicle 
is computed in Example 3 for a medium value of 
fi equal to 0.4. 


Speed Limits: On level ground and at constant 
vehicle speed, tractive force is resisted by rolling 
and air resistances only. For this condition of 
motion, 


Pmax — W dV — Pr + Pa (154) 

Substituting for the air-resistance term the follow- 
ing expression (Part 6), 


Ra 


— 0.26 c a A 



(155) 


and for the rolling-resistance term 


R r - Wf 


(156) 


Equation 154 can be written 

W d ft = Wf + 0.0026 c n A V m(U 2 (157) 

When this equation is divided by W, the weight 
distribution factor w — W JW can be substituted. 
The maximum speed in mph, as limited by available 
friction, is then 


/ W {Wfi - f) 

Vm«x = 20 V : (158) 

1 c, A 

where the corresponding values of w for front, rear, 
or four-wheel drive vehicles can be taken from 
Equation 142, 147, and 152. 

The coefficient of rolling resistance f, which in 
an accurate calculation should be increased with 
speed, is considered constant in Example 3. The 
resulting error is negligible. 

Gradability Limits: Because gradability limits 
are reached at low speeds, air resistance is con- 


PfKFOftMANCE LIMITS 


pressed as 


sidered negligible. At constant speed, therefore, 
tractive force balances only rolling and grade re- 
sistances, and 

p m* x — Rr "4“ R 8 (159) 

After substitution of Equation 137 and the rolling 
and grade-resistance Equations 53 and 61 (Part 
5), the resulting expression is 

p max = = fW + W tan 6 maz (160) 


W d !i = P max = D max + R r + R g (166) 

In this case, however, the simplified equations for 
dynamic axle weights W d (Equations 128.1 and 
128.2) cannot be applied since the height of the 
hinge point H d is different from the eg height H . 
The correct equations for dynamic axle weights 
(Equations 125.1 and 125.2) with corresponding 
adjustments, R a = 0, R it = 0, are used for W d , 
giving 


where 8 ^ is the maximum gradability angle. 
Dividing this equation by W, and substituting 
again for W d /W the weight distribution factor w, 

tan 9 max • W fi / (161) 

In place of the slope angle 8 , the more practical 
value of G (per cent) (Equation 60, Part 5) can 
be substituted giving maximum gradability as 

Gmax = 100 ( Wfi ~ /) (162) 

Again w is substituted for front, rear, and four- 
wheel drive arrangements. 

Acceleration Limits: Since maximum accelera- 
tion is reached at relatively low speeds, air re- 
sistance is again negligible and the tractive force 
balances the inertia resistance R if the rolling re- 
sistance R r and the grade resistance R g . The equa- 
tion of vehicle motion, Equation 136, is then 

amy = P - (R r + R g ) (163) 

Substituting the established values for R r and R, 
(Equations 53 and 61) and using P = P ma# = 
pW d , 

CLmax W y 

= p W d ~ Wf — iv sin ( ± e) (164) 

Dividing by W and introducing the weight-dis- 
tribution factor w } 

9 r 

l Wfi — / — sin (± *)] (165) 

y 

Corresponding values of to for front, rear, and four- 
wheel drive vehicles can be substituted. For the 
correct value of sine 8, the approximate expression 
G/100 can be substituted. 


l 

W d/ - — — [L r W - HW sin (± e) - H d D ] (167) 

Lj 


i 

Wd, - — — [L, W + HW sin (± e) + H d D ] (168) 

Lj 

When these results are substituted into Equation 
166, the following expressions are obtained for 
front, rear, and four-wheel drive vehicles: 

Front- Wheel Drive: 


~~~ [£r W - HW sin ( ± e) — H d D max ] 

= D max + fW + W sin (± e) (169) 

and, for the maximum drawbar pull, 


D m ax = W 


[ 


(fiL r - fL) 
L + fiH d 


Rear-Wheel Drive : 


( L -f- fiH ) sin ( ± 6 ) 
L + fiH d 


1 

(170) 


[Lf W -f HW sin (± o) + 

D d D max ] 


~ Dmax + fW + W sin ( 

± 9) 

(171) 

and 



D max =w r vl 

- pH)s in ( ±$) 

1 

L L - fiH d 

Four-Wheel Drive : 

L — fiH d 

■J 

(172) 

Wfi = D max + fw + W sin ( ± 

9) 

(173) 

and 



D m ax — W[/i — / — sin (± tf)] 


(174) 


These equations include the horizontal grade 
term <9. For level ground, the sine term becomes 
zero and equations are correspondingly simplified. 


Drawbar Pull Limits: If tractive force is used 
to produce drawbar pull D, equilibrium of forces 
(acceleration and air resistance neglected) is ex- 


In the next part of this series, the study of per- 
formance limits is continued and a roundup of 
equations used in such calculations is presented. 
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• performance vs. weight distribution 

• performance vs. gross weight 

• engine-torque limits 

• drive-system comparison 


M AXIMUM transferable tractive force was 
shown in Part 9 (Sept. 19, 1957) to set 
a fundamental limit to vehicle performance, 
regardless of whether the performance criterion 
of significance is acceleration, gradability, speed 
or drawbar pull. Determining factors for maximum 
tractive force were also shown to be: 1. Available 
road friction. 2. Effective or dynamic weight on 
the driving wheels. 

This article continues the study of vehicle-per- 
formance limits, distinguishing between those per- 
formance qualities that are independent of vehicle 
gross weight and those that are weight dependent. 
For reference, a roundup of equations for calculat- 
ing vehicle axle reactions and performance limits 
(developed in Parts 8 and 9) is given in Table 6. 

Weight-Independent Limits: Maximum accelera- 
tion and gradability, two performance limits de- 
termined by maximum transferable tractive force, 
are independent of vehicle gross weight. For these 
qualities, weight distribution alone is the signifi- 
cant condition. 

Physical interpretation of this fact is simple. 
Assume that two vehicles with identical weight 
distributions but with different gross weights are 
compared. Obviously, the higher transferable fric- 
tion force available to the heavier vehicle (because 
of its greater driving-axle reaction) is exactly 
balanced by the greater force required to acceler- 
ate the vehicle or to push it uphill. 

Quite apparently, no gain in tractive-force limit- 
ed acceleration or gradability is realized when vehi- 
cle weight is increased. These performance limits 
can be improved only by changing vehicle weight 
distribution, that is, by loading the driving axle 
with a greater proportion of vehicle gross weight. 

Weight-Dependent Limits: Contrary to the case 
for acceleration and gradability, maximum speed 

•Now Research and Development Engineer, Phillips Petroleum 
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and drawbar-pull are functions of vehicle gross 
weight. Explanation is that gain in available fric- 
tion (due to a vehicle weight increase) overbal- 
ances the need for a higher tractive force in the 
heavier vehicle. Consequently, the heavier vehi- 
cle can attain a higher speed and can develop a 
greater drawbar pull. 

Tractive-Force Chart: The functional relation- 


Nomenclature 


a — Acceleration, ft per sec 2 
c a = Coefficient of air resistance 
D — Drawbar pull, lb 
/ = Coefficient of rolling resistance 
g = Acceleration of gravity, ft per sec 2 
H = Height of eg from ground, in. 

H d = Height of hitch point, in. 

L ~ Wheelbase, in. 

Lf, L r = Distances of eg from front and rear 
axles, in. 

M d ~ Torque on drive axle, lb-ft 

M t = Engine torque, lb-ft 
m — Mass, lb-sec 2 -ft * 1 
P = Tractive force, lb 

P f} p T = Tractive forces of front and rear-wheel 
drives, lb 

P 4f , P\ r — Tractive forces on front and rear-wheel 
axles of vehicle with four-wheel drive, lb 
r = Rolling radius of tire, ft 
V — Speed, mph 
rV = Vehicle weight, lb 

W d = Dynamic weight, lb 

W d f,W dr = Dynamic weights on front and rear 
axles, lb 

W d = Dynamic weight transfer in driving, lb 
iv — Weight distribution factor 
iv f, w r , u?4 = Weight distribution factors for front, 
rear and four-wheel drives 
f = Reduction ratio 
rj — Transmission efficiency, per cent 
y == Mass factor of rotating parts 
fj, = Road-adhesion coefficient 
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Table 6 Axle -Reaction and Performance —Limit Equations 



Front-wheel 

drive 

Rear— wheel 
drive 

Four-wheel 

drive 

Static drive- 
axle weight, 
W f ,W r { lb) 

^ -4 

ii 

- — — 

w r = 

‘tf-x'-r 

L f 

W r -W —— 

Dynamic axle- 
weight transfer, 
AW d (lb) 

m -JL {P - f w) 

a L 


Dynamic axle 
reaction due to 
tractive force, 
W d (lb) 

w df --w f ~m d 

W dr --W r *AW d 

w df --w-AW d 

W\ -W + AW. 
dr d 

Maximum dynamic 
axle weight, 
w d (lb) 

L r + fH 
W df~ W L+/jH 

L f ~ fH 

w. =W~r — zr 

dr L — fjH 

% f L r -HKu-f) 

% r " L f + H ( fj — f ) 

Weight- distribution 
factor, 

W d 

w -~W 

L + fH 

w r l\ 

Lf-fH 

w r - 

r L—fjH 

V 

Maximum tractive 
force transferable, 
^ax('b) 

p r^ w f^ w 

P r - w uW 
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snip between tractive force, road-adhesion coeffi- 
cient and weight distribution can be plotted in the 
form shown in Fig. 59. Containing only dimension- 
less factors, the chart has general validity for all 
vehicles. Mathematical basis for the chart construc- 
tion is as follows: 

!■ Influence of rolling resistance on dynamic 
axle weight is neglected. This assumption is per- 
missible for concrete or a similar surface where 
/ = 0.02 is a common value. The error introduced 
by omitting / from the weight-distribution equa- 
tions is about 1 per cent. 

2. To make the chart construction independent 
of the absolute geometrical dimensions of the vehi- 
cle, equations for the weight-distribution factor w 
(Table 6) were rearranged as follows: 

Front-Axle Drive, 


L 



L 


Rear Axle Drive, 


_____ PERFORMANCE LIMITS 


L 



L 


Values appearing fa Equations 175 and 176 are 
dimensionless ratios L r /L, LJL, and H/L. 

3. Weight of the vehicle is eliminated by divid- 
ing the tractive-force equation (Table 6) by W, 
giving 

P 

r max 

~JV~ ~ WfX {177) 

The dimensionless quantity P max /W represents the 
tractive force per unit of vehicle weight (lb per lb). 

4. The effective tractive force on the driving 
wheels is a product of various combinations of 
the following elements: engine torque M e , trans- 
mission reduction ratio £, efficiency of the reduc- 
tion mechanism v and rolling radius of the tires r. 
Consequently, a value of maximum engine torque 
per unit vehicle weight can be found, where 



Fig. 59— Graphical relationship between the road-adhesion coefficient g 
the vehicle weight distribution, given by the factors H/L, LJL, LJL, and 
the specific values of maximum transferable traction P mm J W and corres- 
ponding engine torque Only dimensionless quantities are plotted, 

and the chart is therefore applicable to all vehicles. 


Example: A vehicle has eg 
position H/L = 0.35, L t /L = 
0.55, and L r /L — 0.45. Maxi- 
mum transferable traction on 
dry concrete (g = 0.60) for 
both front and rear-wheel 
drives is required. Maximum 
engine torque for a low-gear 
reduction factor fi jr = 7.3 
(ft -1 ) is also desired. 

Solution: In the lower left 
quadrant, the g = 0.60 ordi- 
nate is projected to intersect 
the H/L curves at a value of 
0.35. From the intersection, 
the heavy example lines are 
followed, giving P fmax = 
(0.21) (W) and P max = 
(0.405) ( W ) as the values 
for maximum transferable 
traction. 

When the example lines 
are then followed to the left- 
hand abscissa axis, maximum 
engine torques are: M^ax = 
(0.056) (W) for the front- 
wheel drive, and M emax = 
(0.028) (W) for the rear- 
wheel drive. 

Assuming vehicle weight is 
4000 lb: P max = 1620 lb and 
Memax = 224 lb-ft for the 
rear wheel drive; and P max 
= 840 lb and JH maz = 112 
lb-ft for the front-wheel 
drive. 
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Fig. 60 — Efficiency of front, rear and four-wheel 
drive systems as functions of the road-adhesion co- 
efficient. Diagram represents the weight-distribution 
factor in per cent ( w X 100) for a car with identical 
weight on front and rear axles. Front and rear-wheel 
drives have the same efficiency at low friction values. 
With increasing friction, the rear-wheel drive arrange- 
ment becomes more efficient and front-wheel drive 
efficiency decreases. Effectiveness of the four-wheel 
drive is maintained at the theoretical 100 per cent 
value throughout the range of frictional adhesion 
only if torque distribution to the axles is adjustable 
for varying values. Actual performance reaches 
the theoretical maximum only at that frictional value 
for which the drive is calculated. 


Gmax 


Pg 

Wy 


(179) 


In this example, the rotating-parts inertia fac- 
tor in direct gear is assumed to be y = 1.1. There- 
fore, 


®rnax 


(04 Hg) 
1.1 


= 0.36# = 11.5 ft per sec 2 


( 180 ) 


Assume further that the tractive force is pro- 
duced through a total reduction ratio of 9.5:1 
in low gear (common usage on passenger cars), 
an overall transmission efficiency of 85 per cent 
and a rolling radius of the tires of r = 1.1 ft. 
Then 


to (9.5) (0.85) 

= - 7.3 (181) 

r 1.1 

For this value, the diagram gives M e /W = 0.056 
and, for an assumed vehicle gross weight of 4000 
lb, the maximum engine torque that can be trans- 
ferred by use of the 9.5 :1 .reduction ratio is 

M nnax ~ (4000) (0.056) = 224 lb-ft (182) 

Passenger-car engine torques in the 200 lb-ft 
range are now becoming common. Apparently, then, 
the drive-wheel frictional limits in low gear have 
been nearly reached. Higher engine torques can 
be used effectively only in combination with lower 
gear reductions, with probably no improvement 
in actual performance. Should the demand for 
higher accelerations continue, passenger-car weight 
distribution will have to be changed by shifting the 
eg toward the driving axle. 
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P max 

M emaz ~W~ 


These equations are graphically represented in 
Fig. 59. The chart makes it possible to find with 
ease and acceptable accuracy the values of P max 
and M emnx for any vehicle weight and for all pos- 
sible combinations of wheelbase, eg position and 
road-adhesion coefficient. The technique of using 
the diagram is illustrated by the example shown 
with the figure. 

Practical Engine-Torque Limits: An interesting 
example of performance-limits calculation is pre- 
sented by^the often repeated question: what are 
the limits of the trend toward more powerful en- 
gines on passenger cars ? 

As a basis for analysis, a representative weight 
distribution (loaded car) of L f = 0.55L, eg height 
H = 0.35L and road-adhesion coefficient ^ = 0.6 
are assumed. For these values and for the usual 
rear-wheel drive, Fig. 59 gives P ma9 ^ 0.4TV. Max- 
imum possible acceleration, one of the main criteria 
for judging performance of a passenger car, is 
unalterably given by the eg position. Value of 
a *ruu x is calculated directly from the P maw value by 
use of the relation 



0 0.2 0.4 0.6 0.8 1.0 


AvoBable Adhesion Coefficient, jj 

Fig. 61— -Comparison of the utilization of available 
road friction by different drive systems. Diagram 
represents effective p values ( w X m) as functions 
of available m values. The four-wheel drive reaches 
the theoretical 100 per cent utilization only for the 
value of m for which torque distribution to the axles 
corresponds to the theoretically required condition. 
Difference in friction utilization between fropt and 
rear-wheel drives increases with higher friction values. 
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Drive-System Comparison: Theoretical perform- 
ance limits are not always reached because, with 
high values of road friction, engine power is often 
the determining factor. Obviously, in such cases, 
dynamic weight distribution is of no importance 
where the tractive performance of the vehicle is 
concerned. On the other hand, where high tractive- 
force values are a necessity, or where the vehicle 
must operate under poor frictional conditions, 
weight distribution does become a critical factor, 
and the performance differences between front, 
rear and four-wheel drive systems become appar- 
ent. 

A fair measure for comparing effectiveness of 
the three drive-systems is the degree to which 
they utilize the available friction. Such a compari- 
son is given by the ratios 



Or, in combined form 



( 183 ) 


( 184 ) 


The right side of this expression represents ratios 
of the effective friction coefficients utilized by the 
three drive systems. These values are plotted 
against the available road-adhesion coefficient ^ 
in Fig. 60 for an assumed vehicle static weight 
distribution corresponding to L r = L f = 0.5 L and 
FI = 0.35L. 

At any point, the four-wheel drive offers the 
theoretical maximum of effectiveness, that is 100 
per cent. Efficiencies of front and rear-wheel drive 
systems, calculated as function of the available 
road-adhesion coefficient, are also shown in Fig. 


PERFORMANCE LIMITS 


60. With increasing friction values, efficiency of 
the rear-wheel drive also increases. In contrast, 
front-wheel drive efficiency declines. For the usual 
road-adhesion coefficient of ^ = 0.6, ratios of 
maximum transferable tractive forces for the three 
drives are 


P 4 : P r : P f = 100 : 61 : 39 

The same proportion applies for maximum en- 
gine torques usable by each particular drive type. 

The potential usability of the different drive 
systems can be deduced from the foregoing com- 
parison. Front-wheel drives can support only light 
engines and will therefore find use only on light- 
weight cars. In such applications, the superior 
curve behavior, increased interior roominess and 
compact power plant construction provided by the 
front-wheel system are important advantages. 

The rear-wheel drive accounts for a majority 
of present-day designs and, most probably, will 
maintain it3 leading position. However, the trend 
toward the use of heavier and more powerful pas- 
senger-car engines has resulted in a steady weight 
shift to the front axle. Aside from other disad- 
vantages offered by heavier engines, the trend 
directly opposes the urgent need for more fric- 
tional weight on the driving rear axle, a require- 
ment that permits the axle to transfer high torques 
made available by more powerful engines. An 
improvement in this situation can be achieved^ by 
locating the engine in the rear of the car. Used 
in several highly successful designs, rear-engine 
location is likely to find increasing use in the fu- 
ture. 

Advantages of the four-wheel drive are more 
pronounced when friction values are low. The high- 
er manufacturing cost of a four-wheel drive vehicle 
is therefore justified, only if maximum possible 
traction is the objective, or if the vehicle is de- 
signed to operate under poor frictional conditions. 
Off-the-road or military vehicles offer examples 
of such applications. Should the trend toward 
more powerful engines continue, the four-wheel 
drive may also provide a practicable design solu- 
tion. 
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Dynamics of 
Braking 


By JAROSLAV J. TABOREK* 

Development Engineer 
Towmotor Corp. 

Cleveland 


B RAKING capacity, which determines the 
ability of a vehicle to slow down or stop, 
ranks as a major factor in the study of 
vehicle performance. This article — the first of two 
surveying the mechanics of decelerated motion— 
re-examines the principal motion-resisting and 
motion-aiding forces and evaluates their relation- 
ship to the braking problem. 

Braking Forces: All possible forces that act on 
a decelerating vehicle on a downhill grade are 
shown in Fig. 62. As the primary motion-resisting 
force, braking force B originates in the frictional 
engagement between brake shoes and drums. The 
basic relationship is 

jy r b 

( 185 ) 

where F b is the effective force on the shoe, is 
the coefficient of friction between shoe and drum, 
r b is the drum radius, and r is the rolling radius 
of the tire. In calculations that follow, B is con- 
sidered to be the sum of front and rear-axle brak- 
ing forces, or B = B f + B r . 

Ultimately, braking force B acts at the frictional 
connection between the tire and the ground. Gov- 
erned by the same physical relationships that set 

Co‘Xrtle 8 ^ C Okfa nd DeVelopment Engineer. Phillips Petroleum 


vehicle tractive-force limits, maximum braking 
force B max is given by the expression 

B max — W b (lL + /) ( 186 ) 

For the rolling wheel, therefore, maximum trans- 
ferable braking force is a function of the static 
road-adhesion coefficient the rolling-resistance 
coefficient f, and the effective or dynamic axle 
weight W b . Should the wheel lock during braking, 
skidding occurs, and B max is then determined by 
the coefficient of sliding resistance With locked 
wheels, maximum transferable braking force is 

B max = W b fi t ( 187 ) 

Complete analysis of the braking vehicle re- 
quires study 'of all forces and moments that are 
dependent on its state of motion. As shown in 
sections that follow, some of these factors are 
significant, others can be safely ignored. 

Dynamic Weight Transfer: The action of ve- 
hicle braking forces causes a dynamic weight 
transfer which increases the weight on the front 
axle and decreases it by the same amount on the 
rear axle. The effective axle weight, called the 
dynamic braking weight W b , has a basic influence 
on the limits of braking performance and on the 
optimum distribution of braking forces to front 
and rear axles. 
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• decelerating forces 

• engine>braking effects 

• stopping time and distance 


Grade Effect: For a vehicle braking on a 
grade, the significant vehicle weight is the normal- 
to-ground or cosine component. In braking calcu- 
lations, the influence of the cosine factor is neglig- 
ible, and the simplification cos 0 = 1 is justified. 

The sine component of vehicle weight (grade 
resistance R g ) is motion-supporting if the vehicle 
is moving ddwnhill. In subsequent braking calcula- 
tions, positive value for 9 will be arbitrarily as- 
sumed as indicating a downhill slope. 

Rolling Resistance: Always motion-opposing, 
total rolling resistance is independent of weight 
distribution on the axles. The basic relationship is 

R rr + R r f = R r = fW cos e 7 Z Wf (188) 

Air Resistance:' Influence of air resistance R a 
as a decelerating force is small at normal vehicle 
speeds, especially for streamlined vehicles. In brak- 
ing calculations, therefore, the decelerative effect 
of air resistance is often neglected. In a sense, 
this simplification provides an additional safety 
factor in the calculations, since air resistance aids 
braking action when it is needed most, that is, 
at high vehicle speeds. 

For very fast vehicles, special devices known 
as air-resistance brakes are sometimes used. The 
air brakes expand the projected area of the vehicle 


and simultaneously increase the air-resistance co- 
efficient c a . 

Inertia: The inertia force due to vehicle de- 
celeration is given by an expression that first ap- 
peared in acceleration computations (Part 6) : 

R i = bmy b (189) 

In Equation 189, y b expresses the inertia effect 
of vehicle rotating parts. Its value is often dif- 
ferent from that used in acceleration calculations 
because, in braking, the engine may be declutched, 
leaving only wheels and transmission parts to be 
decelerated. In such cases, y b for conventional 
automotive vehicles can be taken as about 1.04, 
that is, the trans’atory mass of the vehicle is in- 
creased 4 per cent to incorporate the rotating-mass 
effect of wheels and other permanently engaged 
rotating parts. 

Transmission Resistance : Transmission re- 

sistance torque M t is the torque necessary to over- 
come friction of gears, bearings and joints plus 
torque due to churning of oil in the transmission. 
In the calculation of accelerated motion, these 
factors were taken care of by transmission-effi- 
ciency factor 77, which expresses the loss of power 
between engine and drive axle. In braking, how- 

Head Photo: Courtesy LeTourneau-Westlnghouse. 
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ever, with the engine clutch disengaged, torque 
necessary to overcome transmission resistance is 
derived from the kinetic energy of the vehicle. 

Compared to actual braking forces, magnitude 
of transmission resistance is small and can be 
neglected in braking performance calculations. 
However, where accurate results are required, 
transmission resistance may exert a significant 
effect. 

Engine Braking Power: Under certain circum- 
stances, drag of a throttled engine is an impor- 
tant factor in the braking of vehicles. An engine 
running with closed throttle has a certain idling 
speed. To make the engine run faster with the 
throttle remaining closed, power must be supplied 
from an external source, for example, through 
consumption of part of the vehicle kinetic energy. 
In such cases, the engine acts as a brake. Engine 
braking power is proportional to engine speed and 
therefore to the reduction ratio used. For this 
reason, heavy vehicles on long downhill grades 
depend directly on the drag of the engine to aid 
braking, thereby reducing heat generated in the 
brake drums. 

Torque M db on the drive axle, derived from the 
engine braking effect, is given by 


v 

Torque M t required to drive the engine is measured 
experimentally at the engine output shaft, £ is the 
total reduction ratio between engine and the drive 
axle, and q is the efficiency of the transmission. 
Since the efficiency term v appears in the denomi- 
nator, lower efficiency means higher torque and 
therefore greater braking effect at the drive axle. 
A plot of braking torque M, lt> as a function of ve- 
hicle speed is represented for different gear re- 
duction ratios in Fig. 63. 



bifi- 62 Forces acting on a vehicle in decelerated 
motion downhill. 


On heavy trucks it is sometimes necessary to 
increase the engine-braking effect by using the 
engine as compressor. This can be achieved by 
controlling valve timing, or by using restrictor 
valves in the exhaust system to increase the ef- 
fective pressure in the cylinders. 

Torque-Converte r Transmissions : Braking poten- 
tial of an engine can be utilized only in trans- 
mission trains that utilize a positive connection 
between engine and drive axle. Hydraulic trans- 
missions and torque converters usually transfer 
power only from engine to drive axle, not from 
drive axle to engine. In such case, only the trans- 
mission resistance serves as a decelerating torque. 

To permit use of hydraulic transmissions in 
heavy road vehicles, braking power of the engine 
can be replaced by other adjustable power-consum- 
ing devices, for example, by using flow restrictors 
in internal torque-converter circuits. 

Optimum Engine Braking Performance : The fore- 
going discussion of braking by a driven engine 
applies strictly for low values of deceleration— 
for example, where a vehicle is being continuously 
braked downhill. To achieve high decelerations. 


Nomenclature 

Bf, B r — Braking forces, represented as fric- 
tional forces at the tire-ground con- 
tact point, lb 

b = Deceleration, ft per sec 2 
c n — Coefficient of air resistance 
Eh ~ Effective force on brake shoe, lb 
/ ~ Coefficient of rolling resistance 
g — Acceleration of gravity, ft per sec 2 
M (ib ~ Resistance moment of driven engine, 
lb-ft 

Mi = Inertia moment of rotating parts, lb-ft 
= Resistance moment of transmission 
lb-ft 

m = Mass, lb-sec 2 -ft _1 
R n = Air resistance, lb 
rii = Inertia resistance of the translatory 
mass, lb 

RrfyRrr = Rolling resistances, lb 

r ~ Rolling radius of tire, ft 
s = Braking distance, ft 
t = Time, sec 
V — Speed, mph 

Vfr V j — Initial and final speeds, mph 
V m = Mean vehicle speed, mph 
v = Speed, fps 

v h v f = Initial and final speeds, fps 
XV — Vehicle weight, lb 
W b = Dynamic weight, lb 
w *>f> w br — Dynamic axle weights on front and 
rear axles, lb 

W dr = Weight of brake drum, lb 
XV f, W r = Static axle weights on front and rear 
axles, lb 

W 4/ , W 4t = Dynamic axle weights in four-wheel 
brake system, lb 

XV b — Dynamic weight transfer in braking. Ib 
Yb — Inertia mass factor of rotating parts 
in braking 

a> — Angular speed, rad per sec 
ft = Coefficient of road adhesion 
v — Efficiency factor 




Fig. 63 — Braking potential of a throttled engine. 
Three sets of torque and power-consumption 
curves show the effect of gear ratio on engine 
braking capacity. Quite obviously, “shifting down” 
helps retard die vehicle on downhill runs 


brakes are applied very suddenly. In this case, 
the engine not only produces no braking effect 
but, to the contrary, consumes part of the me- 
chanical braking effort to absorb kinetic energy 
of rotating engine parts. 

Depending on the inertia of the engine as repre- 
sented by factor y, and consequently on reduction 
ratio £, a critical value of deceleration can be cal- 
culated above which the engine should be always 
disengaged for optimum braking effect. 43 For pas- 
senger cars the critical value is about 5 ft per 
sec. 2 As a general rule, therefore, it appears that 
the engine should be disengaged during most brake 
applications. 

Dynamic Axle Weights During Braking: Forces 
acting on a vehicle during braking cause a weight 
shift toward the front axle. Knowledge of result- 
ing dynamic axle weights is necessary for deter- 
mination of maximum transferable frictional forces. 

Dynamic axle reactions are best determined by 
writing moment-equilibrium equations around tire- 
ground contact points, thereby eliminating from 
the calculation all forces that act in the ground 
plane. Ground-plane forces are the braking force 
Z>, rolling resistance R ry braking forces originating 
in engine and transmission, and the inertia torque 
of rotating parts. 

For a vehicle decelerating on a downgrade slope, 
Fig. 62, the equilibrium equations give the results: 

l 

W bf - (L r W + HW sin B 4- mbH - R n H a ) (191) 

L 

1 

W br = (L f W - HW sin B — mbH + R a H a ) (192) 

L 

“References are tabulated at end of article. 


To transform these equations into a more work- 
able form, use is made of the following assump- 
tions: 1. The action point of the air resistance is 
considered to fall at the eg of the vehicle, or II = 
H n . 2. The simplified equilibrium-of-force expres- 
sion is sufficiently accurate, where 

mb - R a + W sin 0 = B + fW (193) 

Dynamic axle weights during braking then be- 
come 


L t W 


H{B 4- JW) 
L 


(194) 


Wkr = 


Lf W 


H{B 4- JW) 


(195) 


Designating dynamic weight transfer during 
braking as AW 6 , 




H(B -f JW) 


(196) 


Dynamic axle weights can then be written as 
W hf = Wf + AW h (197) 


W bT = W r - AW b (198) 

where W f and W r are static level axle weights. 

Equations of Decelerated Motion: Equations of 
decelerated motion for a vehicle are derived in a 
manner similar to that \ised for accelerated motion. 
According to the energy theorem, change in kinetic 
energy of a moving body equals work produced by 
external forces. Applying this principle to a ve- 
hicle in decelerated motion, change of kinetic en- 
ergy in differential distance ds is 

dE = ( j B + 




ds 


(199) 


where the effective retarding force is obtained 
through summation of the actual braking force B 
and all external resistance forces acting on the 
vehicle at that instant. Kinetic energy of transla- 
tory and rotating parts is given by 

mv * \ ^ 7 uj ,j 

E = 4- > 

2 2 

Differentiated, the expression becomes 


dE = mv dv 4- 



du 


( 200 ) 


By use of the technique developed in Part 6 of 
this series, the effect of rotating parts is repre- 
sented by an equivalent translatory mass. Equa- 
tion 200 then becomes 


dE = vdv ^ m 4 — ^ ^ 7 ^ = vm y b dv 


( 201 ) 


where y h is the factor expressing the inertia effect 
of wheels and other rotating parts. 

When Equation 201 is substituted in Equation 
199 and with b = dv/dt , the general equation 
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ot decelerated motion becomes 

B = bmy b - R (202) 


From the foregoing equation, the state of mo- 
tion of a vehicle and the forces involved in the 
braking process can be readily calculated. 


Stopping Distance: For calculation of stopping 
distances, Equations 199 and 201 are equated, or 


( b+ Tj r ) 


vm y b dv 


(203) 


In integral form, Equation 203 becomes 


s = y b m 



v dv 
B ~h ZR 


(204) 


Here, v { is initial speed, and v t is final speed. In 
the integration of Equation 204, either of two 
assumptions can be made: 1. Air resistance is 
negligible. 2. Air resistance is significant. The 
following sections show the effects of these as- 
sumptions. 

Air Resistance Neglected: When air resistance 
is neglected, deceleration is constant during brak- 
ing, and the solution of Equation 204 is 


7b m p v *2 — Vf 2 

1b + ZR L 2 


(205) 


Therefore, minimum full-stop braking distance with 
four-wheel brakes ( B ^ — Wfi) is 


Vi*y b _ V?y b r 5280 “1 2 
2 £(** + /) 64 ifi + f) L 3600 -I 

7b Vi 2 
30(/i + /) 


(206) 


where dimensions of $ are in ft, v in ft per sec, 
and V in mph. 

It is seen, therefore, that if air resistance is 
neglected, stopping distance is independent of ve- 
hicle weight. 

Air Resistance Considered: Since air resist- 
ance is a function of speed, vehicle deceleration 
changes continuously during the braking process. 
Before substitution in Equation 203, the familiar 
air-resistance equation can be rearranged to read 

R a ~ 0.0012 c a Av 2 = Cv 2 

where v is instantaneous speed in ft per sec. Solv- 
ing for C, 


On level ground only air and rolling resistances 
act on the vehicle, and the stopping-distance equa- 
tion becomes 


Example 4 — Braking Distance and Time 


Problem: Determine minimum stopping dis- 
tance on dry concrete (/i = 0.6, / = 0.02) from 
initial speed V { - 100 mph. The vehicle weighs 
4000 lb, has projected frontal area A = 25 sq ft 
and air resistance coefficient c a = 0.5. The en- 
gine is disengaged during deceleration, and the 
inertia factor for wheels and transmission parts 
is y b = 1.05. 

Neglecting Air Resistance: From Equation 
206, minimum stopping distance with air re- 
sistance neglected is 


$ min 


1.05(1002) 
30(0.6 + 0.02) 


= 570 ft 


only by rolling and air resistance, B = 0 and 
Equation 210 gives the coasting-distance as 

13.1 Yt W f c a A VS 1 

S log e 1 + 

c a A L 390 (Wf) J 

Substituting numerical values, 


13,1(1.05) (4000) 
_ ~ 0.5(25) 

0.5(25) (100 2 ) 


390(4000) (0.02) 

= 4400 log € 6.0 = 7100 ft 


log. [ 
] 


1 + 


Including Air Resistance : From Equation 

211, minimum stopping distance including the Stopping time for the free-rolling vehicle 

effect of air resistance is (B = 0) is given by Equation 215 as 


13.1(1.05) (4000) 
0.5(25) 

0.5(25) (100 2 ) 


log 


-[ 


1 + 


390(4000) (0.6 + 0.02) J 
= 4400 log e 1.129 = 532 ft 


Stopping distances with and without the air- 
resistance effect are of approximately the same 
magnitude, differing by about 7 per cent. This 
difference, of course, is greater at higher initial 
speeds. 


Coasting: For a free-rolling vehicle acted on 


t = 


0.9Y6 VW Vi 

tan-i — — 

V / c a A 19.7 



Substituting numerical values, 


0.9(1.05) V 4000 100 / 12.5 

* — ■ ■■ — — tan -1 \j 

V 0.02 (12.5) 19.7 * 4000(0.02) 

= 120 tan -i 5.1V0T56 = 133 sec 


Average deceleration b is therefore 


b - 


1.47(100) 

133 


1.11 ft per sec 2 
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s = y b m 


P 

Jc r 


v do 


(208) 


76 " ' -'’r B + 22 r + Cv 2 

Letting z =. v 2 /2 and dz = v(dv), integration 
gives 


DYNAMICS OF BRAKING 


After integration, 

7b m 


s ~ 


7 b m 
2 C 


r B + Rr + Cv? 1 

- log e • 

L B + R r + Cv f 2 j 


t = 


(209) 


— tan" 1 V (Vi - v ; ) (213) 

t) 1 £ + R r 


Braking to a full stop (v f = 0) from initial speed 
V (mph), 


VC{B + r 7 

After substitution of C from Equation 207, braking 
time to a full stop (Vf = 0) is given as 

n w r 


840 


s = 


7b 

2C 


r ° v ? 

1 + 

( 5280 

(210 


9 

(B + R T )c a A 

L B + R r 

' 3600 ) J 






With the substitution of C from Equation 207 and 
Bma* ~ Wyu for maximum braking force, the min- 
imum-stopping distance expression becomes 

13.1 W y b 


tarr 1 1.47 V ; 


w 


C/t A 


840 (B + R r ) 


(214) 


®min 


c a A 


-log. [ 


r , c a Av? 



i 

(211) 

/ 

L 390 Win + f) J 

tmin “ 0-9 7b V 


W 


Stopping distance where air resistance serves as 
a braking aid is therefore a function of vehicle 
weight. This is because the same air-resistance 
force acts on vehicles of the same aerodynamic 
form regardless of weight. Therefore the effect 
of air resistance on a lighter vehicle is more pro- 
nounced. 

Stopping Time: Time required to reduce speed 
of a vehicle from v t to v, is calculated from Equa- 
tion 203. With the substitution v = ds/dt, Equa- 
tion 203 can be rearranged to give 


(M + f)c a A 


tan~l 


Vi I c a A 


19.7 Wifi + /) 

(215) 

When air resistance is neglected, the kinematic 
equation for decelerated motion applies, and 

1.47 Vi 

— T (216) 


Vi 

b 


t ~ 7 bin 


r 

J V f 


dv 


B + R r + Cv 2 


( 212 ) 


Representative calculations for stopping distance 
and time are given in Example 4. 

In the next part of this series, braking-perform- 
ance limits as established by maximum transfer- 
able friction and by thermal considerations are 
examined. 
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A VAILABLE friction at the tire-ground con- 
tact point sets a basic limitation to the 
stopping capacity of a vehicle braking sys- 
tem. Assuming that such frictional contact is 
adequate, a further braking limit is set by the 
ability of brake-system mechanical components to 
absorb or dissipate heat generated during vehicle 
deceleration. Continuing the study of the brak- 
ing vehicle, this article examines fundamental lim- 
its to brake performance and presents design cri- 
teria that lead to optimum system performance. 

Braking-Force Limits: Maximum transferable 
braking force, since it is dependent upon frictional 
ground reaction, is a function of dynamic axle 
weight and the available coefficient of road ad- 

t? eSe ?r h ^r d Devel °P ment Engineer. Phillips Petroleum 


hesion. The mathematical relationship is 

B max — W b fi (217) 

where W b is the dynamic weight on the braking 
axle. When this equation is substituted into equa- 
tions for dynamic axle weights (Equations 194 
and 195, Part 11), braking-force limits for front, 


rear, and four-wheel 
follows : 

systems can 

be derived as 

Front-Wheel Brakes: 


max bf H 


(218) 

L t W H ( 

W bf = + . 

L L V 

w b f A + fW ) 

(219) 

W(L t + fH) 

W h f 

L - nH 


(220) 

„ _ »W(L r + }H) 

£*fmax 

L - pH 


(221) 


Reoction time t r (sec) 



Example: Assuming a vehicle 
speed of 40 mph, determine dis- 
tance traveled during a driver re- 
action time of 1 sec. Find also 
the total stopping distance for 
an assumed maximum decelera- 
tion of 20 ft per sec 2 . 

Solution: On the left-hand side 
of the chart, projection of the 40- 
mph ordinate through the 1-sec 
reaction-time line shows that the 
vehicle travels 59 ft before the 
brakes are applied. A similar pro- 
jection through the 20 ft per sec 2 
maximum deceleration line on the 
right-hand side of the chart shows 
distance traveled during braking 
to be 85 ft. Total stopping distance 
from the point of emergency is 
therefore 144 ft. 


Fig. 64 — Braking-performance chart 
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Braking Performance Limits 

transferable braking forces 
tractor-trailer braking 
heat dissipation 
heat storage 


Rear- Wheel Brakes: 

Hr max A 


w br - 


W iT /t + fW 


_ wiL, - m ) 

— r+> <224 > 

_ iiW(L, - fH) 

Hr max 7—7 ( 225 ) 

L -r fiH 

Four-Wheel Brakes: Since the effective axle 
weight equals the full vehicle weight, then 


Substituting this expression into Equations 194 
and 195 : 


[ L r + H ( 


W ir = 


The condition of maximum brake performance 
as expressed by Equation 228 is realized only 
when distribution of braking forces to the axles 
is in proportion to their respective dynamic 
weights. That is, 


*4/ _ 
B 4r 


h r + H{fi + /) 
L f - H (fi + /) 


In a subsequent development (Equation 236), 



fW t 


Fig. 65 — Forces acting on a tractor-trailer rig 
when braking is provided by tractor only. 


a simplified expression for maximum deceleration 
is derived as 

b = g(fi + /) 

Combining this expression with Equation 229, 

£4/ hr 9 + bH 

= (230) 

B 4r L f g - bH 

Both equations for braking-force distribution 
(Equations 229 and 230) are functions of the 
widely changing variables of road adhesion ^ and 
deceleration b. As a consequence, the braking-force 
distribution ratio would ideally have to be adjust- 


Nomenclature 

A = Projected vehicle area in drive direction, 
sq ft 

B ~ Brake force at tire-ground contact point, 
lb 

B 4f} B 4r = Brake forces on front and rear axles, 
four-wheel brakes, lb 
c a = Air resistance coefficient 
E = Kinetic energy, ft-lb 
E t = Energy in thermal units, Btu 
G = Grade or gradability, per cent 
H ~ Height of vehicle eg from ground, in. 

I = Polar moment of inertia, lb-sec 2 -ft 
L = Wheelbase, in. 

hf t L r = Distance between vehicle eg and front 
and rear axles, in. 

M e — Engine torque, lb-ft 

N a = Power required to overcome air resist- 
ance, hp 

N a d = Braking power supplied by additional 
sources, hp 

N b = Energy conversion rate in brake, hp or 
Btu per hr 

N g ~ Power required to overcome grade resist- 
ance, hp 

N r = Power required to overcome rolling re- 
sistance, hp 

Q b = Thermal capacity of brake drum, Btu 
R a — Air resistance, lb 
R g = Grade resistance, lb 
Ri = Total inertia resistance, lb 
R r — Rolling resistance, lb 
R r f , R tt — Rolling resistances on front and rear- 
axle wheels, lb 


'ZR = Summation of resistance forces, lb 





Example 5 — Braking-Force Distribution 

Problem: Determine distribution on a vehicle 
with design configuration L i = L r — 0.5L and 
H — 0.35£. With an average value /i = 0.35, 
Equation 229 gives 

B Af __ 0.5 + 0.35(0.35 + 0.02) _ 63 
B± r 05 - 0.35(0.35 + 0.02) 37 

In other words, for the assumed weight distri- 
bution, braking-force distribution is 63 per cent 
to the front wheels and 37 per cent to the rear 
wheels. 


able to assure optimum braking effect. This con- 
dition, however, has not been realized in prac- 
tice, and in the design of brake systems an aver- 
age value of road adhesion ^ = 0.35 is usually 
assumed as compromise. This corresponds to de- 
celeration b — 11.5 ft per sec. 2 As deceleration 
increases, or as values of road adhesion coefficient 
increase, the braking effort exerted by the front 
wheels increases. Example 5 illustrates a typical 
calculation of brake-force distribution. 


Limits of Deceleration: Substituting Equation 
217, the braking force limit expression, into the 
equation of decelerated motion (Equation 202, 
Part 11, then 


B max - ftW 6 = y b mh — R r ± R g — R a 

Deceleration b then becomes b ma# , where 


-[ 

7b L 


XV 


+ / — sin ( ±o) -f - 


Ra 

w 


(231) 


(232) 


When the dynamic axle weight term XV b is replaced 
by the values given in Equations 220, 224, and 226 
(front, rear, and four-wheel brakes), the maximum 
decelerations obtainable under given friction con- 
ditions are as follows: 


Front Wheel Brakes : 


b 


max 


y b 


r (L r + flDfl 
L L — pH 


sin ( ± <9) 



] 


Rear-Wheel Brakes: 


(233) 


Example 6 — Parking-Brake Calculations 


Problem: Determine the maximum grade on 
which a rear-axle parking brake will hold a 
vehicle with dimensions L f = L r = 0.5 L and 
H = 0.35L. Assume the surface is slippery 
with friction coefficient /i = 0.2. 

Equation 246 gives the maximum grade G max 
as 


luu LU.Z ( U.5 ) 4- 0.02] 


1 + 0.35(0.2) 
for the downhill-pointing vehicle, and 
100[0.2(0.5) + 0.02] 


= 11 per cent 


~ max 

1 - 0.35(0.2) 

for the uphill-pointing vehicle. 


13 per cent 


Problem: Determine the minimum coefficient 
of friction required to hold the vehicle stationary 
on a slope of 30 per cent. 

From Equation 247, required values are 

30 — 2 

M’min — * — 0.71 

100(0.5)+ 0.35(30) 

for the downhill-pointing vehicle, and 


30-2 


100(0.5) - 0.35(30) 
for the uphill-pointing vehicle. 


0.46 


disadvantage when compared to the same vehicle 
in the empty condition. This is because the retard- 
ing effect of air resistance (per unit weight) is 
smaller and the resulting deceleration is there- 
fore lower. 

When air resistance (which can be considered 
as a safety factor) is neglected, Equation 235 
can be simplified to the form 

b = ~ ( * + 1 ) ~ 9 (#* + /) ( 236 ) 

The road-adhesion coefficient value fi = 0.6 
is usually assumed for dry concrete, leaving a 
sufficient margin for directional side forces. Max- 
imum deceleration is then 


7b L 


sin ( ±0) + 


(Lj - fH) fi 
L + fiH 
R< 


- + /■ 


xv 




Four-Wheel Brakes : 


(234) 


g f R *1 

bmax = — — fi + / - sin (±0) + — — (235) 

76 L w j 

The above equations include the effects of roll- 
ing. grade, and air resistances, and show that de- 
celeration is independent of vehicle weight only 
when air resistance can be neglected, that is, at 
low speeds. The loaded vehicle, therefore, is at a 


bmax — 32.2(0.6 — 0.02) — 20 ft per sec 2 (237) 

Such decelerations have been actually measured 
experimentally and can usually be attained by 
most passenger cars with properly adjusted brakes. 
Practical considerations, such as passenger com- 
fort and the shifting of loads, usually impose 
much lower limits on deceleration. Deceleration 
values over 10 ft per sec 2 are considered un- 
pleasant; values higher than 15 ft per sec 2 are 
used only in emergencies. 

Deceleration values are often expressed in terms 
of the gravitational constant g. Maximum decelera- 
tion on dry concrete (20 ft per sec 2 ) then be- 
comes 0.64</, and the average deceleration 10 ft 


72 





per sec 2 equals 0.32 g. 

An average automobile collision, which is es- 
sentially an extremely abrupt stop, is about 1 to 
4.g in terms of deceleration. Limits of human sur- 
vival seem to be somewhere around 20^ and, as 
an example, a head-on collision at 40 mph pro- 
duces a deceleration of about 16 g or 510 ft per 
sec. 2 

As stated in a foregoing section, deceleration 
limits on dry concrete are seldom reached in 
everyday driving. The superiority of the four- 
wheel brake system is, therefore, more apparent 
when the vehicle is driven on slippery surfaces of 
low ja values, since the braking work is distributed 
over more application points. 

Actual Stopping Distance: In an emergency stop, 
a certain time elapses before the driver can take 
his foot from the accelerator and depress the brake 
pedal. Called the reaction time, the time interval 
has been measured experimentally as falling be- 
tween 0.5 and 2.0 sec. Actual stopping distance, 
S = s r + s, can be calculated from the relationship 
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and Equation 206 (Part 11), is the braking dis- 
tance. The importance of reaction time in braking 
calculations is graphically illustrated in Fig. 64. 

Special Applications: Solution of any particular 
braking-performance problem can be easily cal- 
culated from combination of the equation of de- 
celerated motion (Equation 202), the equations 
for static and dynamic axle weights (Equations 
194 and 195), and the equation of maximum trans- 
ferable braking force. The procedure is demon- 
strated for two special applications in the follow- 
ing sections. 

Deceleration of Tractor-Trailer Combina- 
tion : If, on a tractor-trailer combination, brakes 
are provided only on the tractor, braking power 
of the tractor must obviously decelerate both ve- 
hicles. From Fig. 65, the force balance is 

„ b c f \ f \ 

B — W+\V t J-f w+W t ) (238) 


v 2 

S — vt r 

2b 

In this equation, the first term on the right side 
is the distance traveled during the reaction time 
before the brake is applied. The second term, 
which results from combination of Equation 236 


Example 7 — Braking-Power Calculation 

Problem: Determine the energy that must be 
absorbed by the brake system in a vehicle which 
is descending a slope of 10 per cent at a steady 
speed of 50 mph. Vehicle weight is 20,000 lb. 

Rate at which potential energy is converted 
in the descending vehicle is given by the ex- 
pression 


N ff = 


WGV 20,000(10) (50) 


= 266 hp 


37,500 37,500 

Assuming / = 0.02, the power consumed by 
rolling resistance is 


20,000(0.02) (50) 
375 


= 53 hp 


For an assumed c tt = 0.8 and A = 70 sq ft, 
power consumed by air resistance is 


N a = 


0.26 c a A V 3 
37,500 


0.8(70) (50)2 
144,000 


= 47 hp 


Power that must be absorbed by the brake 
system is therefore 


+ N ad = N g - (N r + N a ) 

= 266 - (53 + 47) = 166 hp 


Despite the relatively high speed of 50 mph, 
air resistance counteracts only about 18 per cent 
of the total energy converted on the grade. 


where subscript t applies to the trailer only, and c 
refers to the combination. 

Limit of braking force produced by the tractor 
is given by the relation 


Bmax — W t l (239) 

When Equations 238 and 239 are equated, max- 
imum deceleration of the combination becomes 


hrmax = S’ 


[ 


Wfi 

w + w t 


1 

+ / 


(240) 


Often a certain allowable minimum deceleration 
of the tractor-trailer combination is required for 
safety reasons. In such case, the maximum per- 
missible weight of the trailer can then be calcu- 
lated as 


W tmax ~ W (241) 

L *>c “ gf -J 

After substitution of Equation 236 for maximum 
deceleration of the tractor alone, and neglecting 
rolling resistance which, in this case, is of little 
importance, Equation 241 becomes 

w tmax = W £ — 1 J (242) 

As an example of such a calculation, assume 
that the weight of the trailer must be determined 
if the minimum required deceleration on dry 
concrete is 15 ft per sec 2 . From Equation 237, the 
deceleration of the tractor alone is b = 20 ft per 
sec 2 . From Equation 242, 


ITf max 20 


This shows that the trailer can have a maximum 
weight equal to 33 per cent of that of the tractor. 

Parking Brake Holding Power: Parking-brake 
action represents a special form of the braking 
problem since it concerns the stationary vehicle. 
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The function of a parking brake is to retain the 
vehicle on a grade at least equal to vehicle grad- 
ability, usually by restraining the driving axle. 
The force equation in this case is 

W sin e — fW cos e — B (243) 

Here, plus and minus signs of the different terms 
do not change in relation to each other, if the 
slope either is downhill or uphill. 

Braking force is limited by available ground 
friction which, in turn, is a function of weight 
acting on the braking axle. For a rear-axle park- 
ing brake, the equation for stationary axle weights 
applies (Equation 91, Part 7) : 

W r — - l £ Lf cos e — H sin ^ ±6 ^ J (244) 

where +6 applies to the vehicle pointing downhill. 
This represents the worst case possible, since 
weight transfer is away from the rear or braking 
axle. Combining Equations 243 and 244 with the 
applicable limit equation 


B-max — t A 

e resulting expression is 
fiW r 

W sin e — fW cos e = L f cos 6 ± 


H sine J (245) 

After rearrangement and substitution of G = 100 
“an 0 f tnen 


^moi — 100 




(246) 


where G in per cent and the plus sign in the de- 
nominator refers to a downhill pointing vehicle. 

Minimum coefficient of friction required to hold 
the vehicle on a grade of G per cent is obtained 
by rewriting Equation 246 as 


G - 100/ 

Amin — (247) 

100 L f HG K ’ 

L ± 

L L 

It is interesting to note that the maximum grade 
on which the parking brake is able to hold is 
independent of vehicle weight and is a function 
of weight distribution and friction coefficient only. 
Example 6 illustrates typical parking-brake hold- 
ing-power calculations. 


Braking-IIeat Effects: In foregoing sections, ele- 
mentary equations of motion and the relationships 
between forces acting on a vehicle in decelerated 
motion were established. These equations, however, 
did not consider braking-performance limitations 
imposed by the energy conversion rate in the 
brake and the accompanying temperature rise in 
both drum and lining. 

Basically, a brake performs an irreversible con- 
version of potential or kinetic energy into heat. 
This conversion is a frictional process, which can 


take place in the brake drum or, undesirably, at 
the tire-ground contact area when the braked 
wheel skids. In following sections, braking cal- 
culations are carried out from the viewpoint of 
energy conversion, and basic equations and de- 
sign criteria are established. 

Heat created in the brake raises the tempera- 
ture of the friction surfaces, which, in turn, sets 
the limiting factor on brake performance. This 
is because the friction coefficient value of the 
brake lining decreases rapidly with higher tem- 
peratures, and braking torque falls off correspond- 
ingly. Furthermore, resistance of the linings 
against abrasion also declines at higher tempera- 
tures, affecting the service life of the brakes. De- 
sign of a brake system must be carried out so 
that lining operating temperatures, even under the 
most severe anticipated performance requirements, 
will stay below limits for which frictional and 
abrasive properties are acceptable. 

From an energy conversion standpoint, braking 
calculations described here are based on two dif- 
ferent operational conditions: 

1. Moderate brake application of long duration, 
for example, on a vehicle descending a long down- 
hill grade. For such brake operation at constant 
temperature, equilibrium must be established be- 


Example 8 — Braking-Heat Calculation 

Problem: Determine average energy-conver- 
sion rate and temperature rise in the brakes 
of an aircraft decelerating at a 10 ft per sec 2 
rate from an initial speed of 100 mph. Gross 
weight of the aircraft is 80,000 lb; brake weight 
is 400 lb. Effects of air resistance and kinetic 
energy of rotating parts are neglected. 

Equation 255 gives the average energy-con- 
version rate as 




wv m 

375 



] 


80,000(100) f 10 1 

= 0.02 

375(2) L 32 J 

= 3050 hp 

Total work performed in stopping the aircraft 
equals the kinetic energy converted, or from 
Equation 257 


_ 80,000 (100) 2 
30(778) 

= 34,500 Btu 

Assuming specific heat of the brake-drum ma- 
terial is c — 0.11, temperature rise in the drums 
is given by Equation 260 as 


At 


34,500 

0.11(400) 


= 780 F 


81 
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tween the frictional heat generated in the brake 
82 and the heat dissipated by the brake to the out- 
side air. 

2. Severe brake application of short duration, 
for example, in an emergency stop. In this case 
the total kinetic energy converted during decelera- 
tion must be absorbed by the heat storage ca- 
pacity of the brake. This is because heat dissi- 
pation during the short braking period is negligi- 
ble. 

The following sections give further details on 
these brake-application conditions. 

Braking-Ileat Dissipation: The heat-dissipation 
rate of the brake is the performance determining 
factor where braking is intermittent but frequent. 
This is the case in bus service, for example, or 
during braking of extended duration. 

Basis for the heat-dissipation calculation is the 
energy-conversion rate and heat-flow balance at 
the brake drum. Temperature of the brakes of a 
vehicle descending a grade at constant speed in- 
creases until it reaches a constant value where 
equilibrium between energy conversion and heat 
dissipation has been reached. Obviously, as heat 
conduction from the lining contact area improves, 
energy-handling capabilities of the brake also in- 
crease. 

Heat exchange in the brake is brought about 
by the usual processes : 

1. Conduction through the shoe and brake drum 
to the adjoining parts in direct contact. 

2. Radiation , which takes place between all brake 
parts and surrounding surfaces. Since radiation 



Fig. 66 — Heat dissipation or energy-conversion 
rate in a brake as a function of vehicle speed. 
Rate of heat dissipation from the brake is pro- 
portional to temperature and to vehicle speed. 
Higher speeds improve the convective transfer 
of heat from brake components. Energy-con- 
version rate in the braking system of a vehicle 
descending a grade must remain below the heat- 
dissipation capacity of the system if equilibrium 
brake temperatures are to be established. 
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is a function of absolute temperature, it is usually 
neglected because of the relatively low brake op- 
erating temperatures. 

3. Convection , especially from the outside surface 
of the drum, to the ambient air. This accounts for 
the largest part of the heat exchange in the brake. 
The amount of heat convected is a function of 
the size and quality of the contact surface and 
the velocity and turbulence of the air flow. Dia- 
metral ribs are usually provided on the drums of 
high-capacity brakes, and an air stream is di- 
verted to them from openings in the tire rims, 
or by proper shaping of surrounding sheetmetal 
body parts. When special cooling provisions are 
not made, brakes hidden deep in the tire rim often 
show poor performance because of inadequate con- 
vection cooling. 

Because of the many variables influencing heat 
flow from the brake, no systematic mathematical 
analysis has yet been made. Instead, the problem 
is handled by measurements in wind tunnels, or 
by towing the vehicle to obtain characteristic 
heat-dissipation curves. These curves usually form 
a family, Fig. 66, each curve representing a certain 
constant brake temperature plotted against ve- 
hicle speed, which is the important heat-convection 
influencing factor. On new designs, estimates are 
made on a basis of similarity to comparable exist- 
ing types. 

Energy-Conversion Equations: The equation of 
forces acting on a vehicle descending a downhill 
slope with constant speed is derived from Equa- 
tion 202 (Part 11) setting b = 0, 

B + B ad -R q - R r - R a (248) 

In other words, the sum of B f the actual braking 
force, and B ad , the braking force derived from the 
engine or other additional sources, equals the al- 
gebraic sum of grade resistance and rolling and 
air resistances. 

Expressed in power units, Equation 248 becomes 

N b + N ad = — ( R g - Rr - Ra ) (249) 

375 \ / 

After substituting the terms for the resistance 
forces, 


+ Rad — 


VWG 

37,500 


VWf 

375 


r 0 26 c ° A i 

L 37,500 J 


(250) 


where N b is the energy conversion rate in the 
brake (hp) and N ad is braking power supplied by 
additional sources. 

A general solution for this equation, which 
would be applicable to all vehicles, cannot be 
found, since the air-resistance factors c a and A 
are particular to each vehicle. The effect of vehicle 
weight can, however, be eliminated by considering 
the product W(G — 100/) as the variable. In 
other words, the same energy conversion rate is 
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reached when a vehicle of 2000 lb descends a grade 
of 5 per cent as for the case of a 10,000 lb vehicle 
on a 1 per cent grade. This substitution permits use 
of the same diagram for calculation of brake per- 
formance for all vehicles having the same product 
c a A, regardless of weight. Rearranged, Equation 
249 becomes 


N b + N ad = 


VW(G- 100/) 
37,500 


c a AV 3 
1440 


(251) 


The first term on the right side of this equation 
represents the total net power input, while the 
second term is the power consumed by air re- 
sistance. To maintain temperatures within per- 
missible limits, the energy conversion N b in the 
brake must be kept below the thermal capacity 
of the brake, this capacity being established by 
its heat dissipation curve (Fig. 66). Any braking- 
power requirements beyond such equilibrium must 
be supplied by additional braking sources, repre- 
sented by N ad . 

Equation 251 is solved by graphical methods 
to give, for any value of W and G, the following 
performance results: 1. Speed of descent of a free- 
rolling vehicle. 2. Maximum permissible speed of 
descent for a particular brake. 3. Additional brak- 
ing power required and the gear ratio to be used 
to achieve the desired braking performance. The 
principles and techniques for use of the diagram 
are shown in Fig. 67. 

As an example of the use of Fig. 67, determine 
the maximum grade on which an 8000 lb vehicle 
can be braked (at brake equilibrium temperature) 
without assistance from engine. Intersection of 
the 50-mph ordinate with the N b curve is found 
at the 40,000 power-input line. Therefore, assum- 


ing / — 0.02, 

40,000 

G — + 100 / = 7 per cent 

W 

With the engine braking in high gear, intersec- 
tion of the 50-mph ordinate and the power-input 
line is at 60,000. This value corresponds to a 9.5 
per cent grade. Similarly, in second gear, the maxi- 
mum grade is 15 per cent. 

Speed of descent for a free-rolling vehicle 
(N b = 0 and N ad = 0) is found at the intersec- 
tions of the power-input lines and the N a curve. 
For example, on a grade of 4.5 per cent (20,000 
line), the speed of free descent is 96 mph. 

One possible simplification is to consider air 
resistance as a safety factor and omit it from 
the calculations. This is permissible with little 
error when the anticipated maximum speed of de- 
scent is under 50 mph, which is usually the case 
in most automotive applications. The simplified 
form of Equation 251 is then 


Nb ■+■ N ad 


VW(G ~ 100/) 
37,500 


(252) 


This equation can also be solved again by the 
graphical method mentioned earlier. The basic 
diagram has general validity for all vehicles, each 
particular case being solved by superimposing on 
the diagram the braking power of the engine and 
the heat dissipation curve of the brake under con- 
sideration. Example 7 illustrates the technique. 


Heat-Storage Capacity: If quick deceleration of 
the vehicle is the main objective of brake applica- 
tion, duration of the process is short, and heat 
dissipation from the brake is negligible. The func- 



Fig. 67 — Typical brake 
performance of a vehicle 
descending long grades. 
Net rate of energy input, 
W(G— 100/) has general 
validity for all vehicles. 
Air-resistance power-con- 
sumption curve N m as- 
sumes a vehicle with 
C'A 13. I feat-dissipation 
of the assumed brake, 
N k , which is added to 
the value, represents 
the maximum energy- 
conversion rate allowed 
by brake-temperature lim- 
its. Braking power of the 
engine, represented in 
first, second and high 
gears, is similarly added 
to give total vehicle brak- 
ing power. 
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uonai limitation or tne system is tnen tne neat- 
storage capacity of the drum. 

The drum must absorb a heat quantity equiva- 
lent to the maximum anticipated kinetic energy 
of the vehicle without reaching a critical tem- 
perature on the brake lining. 

As in calculations in Part 11, the engine is con- 
sidered to be disengaged, and the force equation 
becomes 

B = y b mb - R t - R a + R g (253) 

where the positive sign on the grade resistance 
term R g applies to a downhill grade. 

The instantaneous energy conversion rate in the 
brake N b (hp), corresponding to deceleration from 
speed V (mph), can be calculated from Equation 
253 as 

Nb = 375 ~ [ Yb mb + R ° ~ Rr ~ Ra ] (254) 

Speed decreases during deceleration and so does 
the energy conversion rate. The calculation is 
therefore made for the mean speed 


For a full stop, this becomes 


V 


m 


Vi 


2 


Neglecting air resistance, the mean energy-con- 
version rate in decelerating a vehicle of weight W 
descending a downgrade slope of G per cent is 


WV m r by b 
375 L g 



(255) 


Brake calculations based on sudden braking are 
based on the total kinetic energy freed when the 
vehicle slows down from V { to V f . Furthermore, 
the power-consuming effect of rolling and air re- 
sistance is usually neglected and the assumption 
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made that total kinetic energy E (ft-lb) is ab- 
sorbed by the brake, or 


E 


— m ^ 


( Vi 2 — Vf 2 ' 

\ _ W(Vi 2 - Vf 2 ) 

" 5280 " 

\ 2 

' 2flf 

- 3600 J 


W(Vi 2 - V{ 2 ) 
30 


(256) 


Expressed in thermal units, and for a full stop, 
Equation 256 becomes 


E t = 


WVi 2 


wy<2 


(Btu) 


(257) 


30(778) 23,200 

When the amount of heat created in the brake 
has been established, the temperature rise and 
the required weight of the brake drum can be cal- 
culated. Thermal storage capacity of the brake 
drum is : 

Qb = c\V ar &t (258) 

where Q b is the thermal capacity of the brake drum, 
W dr is the weight of the brake drum, c is the spe- 
cific heat of the drum material, and A t is the tem- 
perature rise in the drum. Letting E t ~ Q h% the 
required weight W b of heat-absorbing material can 
be determined for which converted kinetic energy 
would raise the temperature only the permissible 
amount At. The expression is 

E t WVi 2 

\V dT — = — (259) 

clt 23,200 CM 

Temperature rise At , which results from heat in- 
put that is equivalent to the kinetic energy con- 
verted, is therefore 


M - 


E t 


WVi 2 


(260) 


cW dT 23,200 cW dT 

A typical calculation of these effects is illustrated 
in Example 8. 
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By JAROSLAV J. TABOREK* 

Development Engineer 
Towmotor Corp. 
Cleveland 


B ASIC limitations to vehicle performance, re- 
viewed in Parts 9 and 10 of this series, are 
set by the maximum tractive force that 
can be transferred by the driving wheels to the 
ground. In the analysis of these performance 
limits, it was assumed that torque supplied by 
the engine always equaled or exceeded the de- 
mands of the driving wheels. 

In this article, the first of two that will be pre- 
sented treating the subject of vehicle performance 
prediction, general characteristics desired of a 

♦Now Research and Development Engineer, Phillips Petroleum 
Co.. Bartlesville, Okla. 



Fig. 68— -Powerplant characteristics ideally suited 
for vehicle propulsion show constant power out- 
put over the entire speed range. This gives a 
hyperbolic torque curve and provides high tractive 
forces for vehicle acceleration at low road speeds. 


vehicle powerplant are introduced, and methods 
for correcting standard data to existing atmos- 
pheric conditions are reviewed. Also surveyed are 
the power losses in accessories and drive-system 
components. 

Vehicle Powerplants: Performance character- 
istics that ideally suit a powerplant for vehicle 
propulsion are: 1. Constant power output through- 
out the usable speed range. 2. Torque that peaks 
in the low-speed range where traction demands for 
grade climbing and acceleration are high. Plotted 
against engine speed, the characteristic curves of 
such a powerplant have the form of a straight 
line for power output P and a hyperbola for the 
torque M, Fig. 68. The equation of the torque 
characteristic has the general form 

5252 p 

M = 

n 

Automotive powerplants in actual use have char- 
acteristics differing more or less from these ideal 


Nomenclature 

B — Barometric pressure, in. Hg 
B 0 = SAE standard barometric pressure (=29.92 
in. Hg) 

B n = Vapor pressure of air, in. Hg 
c ~ Number of cylinders 
D — Cylinder bore, in. 

M — Engine torque, Ib-ft 
n = Speed, rpm 

P = Power delivered at output shaft, hp 
Vb ~ Brake mean effective pressure, psi 
Q — Volume output of pump, gpm 
s = Piston stroke, in. 

T — Absolute temperature, °R 
T 0 ~ SAE standard air temperature (=520°R) 
x = Revolutions per power stroke (x — 2 for 
four-stroke cycle) 

V = Efficiency 
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Powerplant Characteristics 


• propulsion requirements 

• standard performance data 

• accessory losses 

• transmission characteristics 


requirements. In following sections, the internal- 
combustion engine, which powers the majority of 
automotive vehicles is discussed in detail; other 
powerplant types are reviewed briefly for compa- 
rison. 

Steam Engines: The steam engine, which as 
a rule develops peak power output at very low 
speeds, has characteristics that come close to 
satisfying requirements of the ideal automotive 
powerplant, Fig. 69. Such an engine would elimi- 
nate the need for a speed-change transmission 
and could be directly coupled to the vehicle driv- 
ing axle. Despite these excellent qualities, use of 
the steam engine is generally limited to railroad 
applications, and seldom is it seen on automotive 
vehicles. One reason for this is the time required 
to put the steam engine into operation; a second 
disadvantage is poor power-to-weight ratio. Both 
these qualities are of decisive importance in road 
vehicles. 

Electric Motors : The series-wound electric 

motor also has power-torque characteristics which 
approach the ideal for vehicle propulsion. There 
are two applications where electric powerplants 
are used in vehicles: 

1. In battery-operated vehicles, mostly of the 
industrial type, requiring high tractive forces at 
very low speeds. These are conditions for which 
the electric motor is best suited. The power 
source is a storage battery; capacity of the battery 
determines the operation time for which the vehicle 
is independent of its base. Use of battery-powered 
vehicles is limited to short-range applications 
where weight is not objectionable. Often, in fact, 
battery weight is an advantage, for example, in 
industrial tractors and lift trucks. 

2. Trolley buses, which find use in city trans- 
portation systems, operate on alternating current 
supplied from an overhead wiring system. The 
excellent adaptability of the electric motor to high- 
torque acceleration demands makes it an ideal 
powerplant for bus service with characteristically 


frequent stops. The superiority of the electric 
motor over internal-combustion engine power is 
still unsurpassed in this respect. 

Internal-Combustion Engine: Of all the pos- 
sible power sources for propelling automotive ve- 
hicles, the internal-combustion engine has the most 
unfavorable power-torque characteristics, and can 
be used only in conjunction with a torque multi- 
plying transmission. This is because of the in- 
herent property of the engine to develop power 
in proportion to speed, giving torque-output char- 
acteristics unsuited for vehicle propulsion. Para- 
doxically, the internal combustion engine has 
nevertheless found the widest acceptance for auto- 
motive vehicles, due principally to its excellent 



Fig. 69 — Characteristics of the steam engine 
and the series-wound electric motor closely 
approximate the ideal for vehicle propulsion. 
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readiness for operation, high power-to-weight 
ratio, and wide availability of fuel. 

Two different internal-combustion engine ap- 
plications can be distinguished : 

1. Direct Drive: In direct drive, which accounts 
for the majority of current applications, the en- 
gine is coupled through a transmission directly 
to the driving axle. The transmission can be me- 
chanical (gear shift) or hydraulic (torque-con- 
verter type). 

2. Indirect Drive: The internal combustion is 
merely the initial power source in the indirect- 
drive system; the actual driving is done by either 
electric or hydraulic systems. 

The engine-electric drive combines the good 
operational properties of the combustion engine 
with the desirable power-torque characteristics of 
the electric motor. The relatively low efficiency 
of the combination, due to double transformation 
of power, is improved by running the engine at 
its economic optimum. Use of this type power- 
plant is limited at present to railroads and heavy 
duty industrial vehicle applications where advan- 
tages offered by the flexibility of the electric drive 
balance the increased cost and weight of the com- 
bination. 

In the hydraulic-drive system, the engine drives 
a constant-displacement hydraulic pump which, in 
turn, supplies hydraulic fluid under pressure to 
a variable-displacement hydraulic motor coupled 
to the drive axle. Hydraulic-motor pressure and 
volume demands correspond to instantaneous driv- 
ing conditions. Low efficiency of this combination 
is again justified by the excellent power-torque 
characteristics of the hydraulic-motor drive. The 
system is increasing in popularity for high-torque 
applications, where stepless speed regulation is 
essential. 

Internal-Combustion Engine Characteristics: A 

typical power-torque diagram for a gasoline engine 
is shown in Fig. 70. Basic engine data are inter- 
related by the equation 

Pi nDsc Mn 

P = — = (261) 

396,000 x 5252 

Torms^in Equation 261 are defined in Nomen- 
clature. 

From Equation 261, proportionality between 
brake mean effective pressure p b and engine torque 
M can be derived as 

M~kp b (262) 

where k is the proportionality factor. Brake mean 
effective pressure is in itself not a measurable 
physical value, but is proportional to indicated 
pressure. Consequently, it is a function of a 
number of engine design factors and efficiencies. 
It is noted that power developed is a function of 
the product p b x n, while torque is proportional 
only to p b . 

The gasoline engine starts to run smoothly at 
a certain minimum or idle speed n min and produces 
excess power at speeds above this point. Optimum 
combustion quality, and therefore maximum effec- 



Fig. 70 — Typical full-throttle characteristics of a gaso- 
line engine. Maximum torque is given at speed n M , 
which corresponds to the point of tangency of a line 
drawn from the origin to the power curve. Minimum 
speed, n miHf is engine idling speed; maximum torque 
is reached at relatively low power levels. Both of these 
characteristics account for the poor adaptability of the 
internal combustion engine for vehicle propulsion and 
poiat up the need for a change-gear transmission. 


tive pressure, is reached at a medium engine speed 
where, as a result, maximum engine torque is de- 
veloped. This point is designated in Fig. 70 as 
n M . Power output at this rather low speed is also 
relatively low, which accounts for the poor adapt- 
ability of the combustion engine as a vehicle 
powerplant. 

As speed increases further, brake mean effec- 
tive pressure deteriorates due to the rapidly grow- 
ing losses in the air-induction manifolds. Torque 
therefore starts to decline. 

Power output is in nearly straight line propor- 
tion with speed up to the point of maximum 
torque. Beyond this point, the rate of power in- 
crease AP/An falls off until the maximum-power- 
output point is reached at n y . The relative posi- 
tions of n y and n M are often used as comparative 
measures of the , quality and adaptability of an 
engine for given application. 

Speed increase beyond n N results in a fast de- 
cline in power output, determining therefore the 
position of maximum permissible speed n max . In 
vehicle applications, this point is usually set just 
above the maximum-power-output speed. Vehicles 
designed for traction, however, are designed to 
operate at much lower engine speeds, since maxi- 
mum torque and not power output determines per- 
formance limits. 

The point of operation for maximum economy, 
corresponding to minimum specific fuel consump- 
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tion, coincides approximately with the speed of 
maximum torque. When transmission reduction 
ratios are properly selected, this economic opti- 
mum falls within the most frequently used part 
of the vehicle speed range. This is especially true 
for part-load operation, where differences in spe- 
cific fuel consumption are particularly large. 

Effects of Atmospheric Conditions: Maximum 
engine power developed is directly proportional to 
the weight of air inducted into the cylinder. Power 
output is therefore a function of the state of the 
air. 

In gasoline engines, it is found that power is 
in direct proportion to barometric pressure (which 
changes with altitude) and approximately in- 
versely proportional to the square root of absolute 
temperature. To permit comparison of engines 
on a basis that is independent of atmospheric con- 
ditions, performance data are measured experi- 
mentally on dynamometers and are recalculated to 
certain standard air conditions. These standards, 
which were established by SAE, are: 1. Temper- 
ature, T 0 - 520 deg Rankine (60 F). 2. Baro- 
metric pressure, B 0 - 29.92 in. Hg (dry air). 

If engine power under standard air conditions 
is known, the effective power developed under 
any other set of conditions can be calculated from 
the equation: 

„ _ p 0 (B - b v ) rwr 


where P is effective engine power under the given 
atmospheric conditions (hp), P 0 is engine power 
under SAE standard air conditions (hp), T is am- 
bient temperature (°R), B is barometric pressure 
at the carburetor air inlet (in. Hg), and B v is 
vapor pressure of the air (in. Hg). 

The effect of air humidity, expressed in Equation 
263 as vapor pressure B v is, except under season- 
ally extreme conditions, usually negligible in per- 
formance calculations. 
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In Diesel engines, effects of atmospheric condi- 
tions on power output are more complicated, since 
not all the air inducted into the cylinders actually 
participates in the combustion process. Data- 
standardizing formulas are therefore functions of 
many variables that pertain to specific character- 
istics of a given engine, for example, engine size, 
quality of the fuel-air mixing process, etc. As a 
rough approximation, the following correction 
equation can be used for compression-ignition en- 
gines : 



Atmospheric conditions can easily change en- 
gine output as much as 25 per cent. This is be- 
cause air-intake temperature under the hood of 
an engine can rise to 200 F or higher, and air- 
intake pressures can be reduced substantially by 
increasing altitudes. Even daily variations at a 
given location can give a 10 per cent change in 
engine power. 

The effects of air conditions and altitudes on en- 
gine power are graphically represented in Fig. 71. 
The plot allows the relative magnitude of these 
factors to be compared. 

Engine Accessory Losses: Engine performance 
diagrams supplied to vehicle designers usually 
represent the power of the so-called “bare” en- 
gine. Since there is no generally accepted de- 
finition of this term, interpretation in each case 
should be carefully considered. This requires ac- 
curate knowledge of the conditions under which 
dynamometer measurements were actually taken 
in the laboratory. 

Generally, the bare-engine performance diagram 
pertains to an engine stripped of all installations 
and accessories not essential to engine function- 
ing and such accessories that are subject to in- 


Fig. 71 — Effects of carburetor-air in- 
take conditions on internal-combustion 
engine power output. Normal power 
refers to engine rated power at SAE 
standard conditions (60 F and 29.92 
in. Hg). Curve a shows power ratio 
vs. ambient pressure; curve b shows 
power ratio vs. intake temperature for 
gasoline engines; curve c shows pow- 
er ratio vs. intake temperature for 
Diesel engines. 

Example: Determine engine power 
ratio at 5000 ft altitude and 140 F air- 
intake temperature for gasoline and 
Diesel engines. 

Gasoline engine: 

P-0.83 X 0.93P,-0.77P, 

Diesel engine: 

P-0.83 X 0.87P # -0.72P* 
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dividual design and application requirements. 

To obtain the power actually available at the 
output shaft, the power consumed by installations 
and accessories is subtracted from values given 
by the bare-engine power diagram. This gives a 
new diagram which represents the effective power 
available. 

Installations and accessories found in the normal 
vehicle are reviewed in the following sections. 

Pumps and Distributor: Water pump, fuel 

pump, oil pump and distributor drive form a 
special group since they are usually driven through 
internal connections from the engine block. As a 
rule, power requirements of these components are 
included in the bare-engine performance diagram. 
The fuel pump is sometimes an exception, since 
gravity feed may be used in the vehicle, making 
use of a fuel pump unnecessary. 

Muffler: The muffler causes back pressure in 
the exhaust system and consequently power is 
lost in pushing through the burned gases. This 
power loss is proportional to the square of the 
engine speed and, depending on muffler resistance, 
reaches about 12 per cent at maximum power out- 
put. In high-performance engines, dual mufflers 
are used to reduce power losses to half of this 
value. 

Air Cleaner: Since the air cleaner is essentially 
a resistance element in the suction line, it causes 
a power loss proportional to the square of engine 
speed. Depending on its flow resistance, the aver- 
age passenger-car aif cleaner accounts for about a 



Fig. 72 — Comparison of tractive force required by 
a typical vehicle and tractive force made available 
to the wheels by the engine. Plot shows that basic 
characteristic of the engine can be matched to the 
tractive force required curve by providing three 
or more speed-reduction steps in the transmission. 
Difference between "high** characteristic and "no 
transmission" characteristic is due to speed reduc- 
tion in the vehicle differential. 


3 per cent loss at maximum engine output. 

Generator: The generator has a varying power 
demand, depending on the instantaneous load in 
the electric circuit. At constant load, generator 
power-consumption characteristics have a linear 
relationship with speed. For the average passenger 
car, the generator requires about 2 hp at maximum 
engine power output. 

Fan : Power requirement of the cooling fan is 
proportional to the third power of the speed and 
accounts for a considerable loss of power at high 
speeds. Shape of air-intake channels (grill) and 
operating speeds of the vehicle have an important 
effect on fan performance. On high speed ve- 
hicles, the natural flow of air often provides a 
substantial cooling effect. In fact, recent design 
developments have made it possible to automati- 
cally idle the fan when its function is not required, 
such as at high speeds and when starting a cold 
engine. On the other hand, vehicles working reg- 
ularly at low speeds, or under intermittently sta- 
tionary conditions, must depend entirely on the fan 
for cooling flow, since air flow due to vehicle 
speed is negligible. In rough approximation, an 
average passenger-car engine requires a fan with 
1 hp power consumption at medium speeds. Power 
requirements increase about eight times when 
speed doubles. 

Hydraulic Pumps: Use of hydraulic pumps to 
provide power for auxiliary functions is increasing 
rapidly. On passenger cars fluid pressure is used 
for power steering, while hydraulically powered 
work-saving devices on agricultural and industrial 
vehicles are standard equipment. 

The power consumption of a hydraulic pump can 
be calculated from the equation 


where Q is volume output (gpm), p is pressure 
(psi) and 77 is total pump efficiency, usually around 
75 per cent. The power-consumption characteristic 
of a pump is basically in straight-line proportion 
with speed. At very high speeds, pump efficiency 
usually decreases, resulting in higher power con- 
sumption. 

To determine how much of pump power 
should be subtracted from the bare-engine output, 
consideration must be given to the variation of 
pump-power demand with driving conditions. 
Power steering and other auxiliary equipment, 
for example, reach the peak power-consumption 
point when the vehicle is stationary and show 
reduced requirements at normal driving speeds. 

Power requirement of all accessories should be 
carefully evaluated for each application and then 
plotted additively against engine speed. The final 
graphical summation is then subtracted from the 
bare-engine power diagram. The result represents 
effective power delivered to the transmission input 
shaft. 

Transmission Characteristics: It has been shown 
in preceding sections that the internal-combustion 
engine is not in itself suited for vehicle propulsion. 
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since torque requirement for initial acceleration 
can be met only with the help of a change-gear 
transmission. The function of the transmission is 
to transform the torque-speed relationship of en- 
gine output into a form which more closely cor- 
responds to actual driving demands, Fig. 72. This 
transformation is performed by the following 
means : 

1. By the transmission itself, which can either 
have the form of a manual gear-shift transmission 
or that of a gear-reduction stage plus a hydraulic 
element such as a fluid coupling or a torque con- 
verter. Reduction ratios must be properly chosen 
in number and magnitude if the desired effect is 
to be obtained. 

2. By a rear-axle gear, which gives, as a general 
rule, a constant reduction ratio of 3.5 to 6.5 through 
a hypoid gear pair. The rear-end ratio is deter- 
mined by the usual practice requiring direct (non- 
reducing drive) drive through the transmission in 
high gear. 

3. On vehicles requiring extremely high torques 
at low speeds, additional gear-reduction stages 
are usually placed at the drive wheels. 

Power transmission between the engine output 
shaft and the driving wheels involves the following 
additional factors as power-consuming elements: 

1. Clutch efficiency , amounting to about 99 per 
cent. 

2. Transmission power consumption , originating 
in friction between gears and oil-churning losses. 
Gear friction is proportional to power transmitted 
and depends on gear-surface finish and quality of 
lubrication. Oil churning losses are proportional 
to approximately the third power of speed and 
are a function of oil viscosity. These factors re- 
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suit in an average transmission efficiency of 97 
to 95 per cent for each gear pair, including final 
gear reductions. Torque-converter efficiencies, 
which vary more widely with operating conditions, 
are discussed in the next part of this series. 

3. Efficiencies of bearings and joint s^ assumed 
for a passenger car to be from 98 to 99 per cent. 

4. Wheel slip . A driving wheel in one full turn 
makes a translatory advance which is less than 
the circumference of the circle corresponding to 
the rolling radius of the tire. The difference is 
explained by the slip of the driving wheels (Part 1) 
and depends mainly on the nature and condition 
of the ground surface. This effect is expressed 
as drive efficiency or slip factor, with values of 
approximately 95 to 98 per cent for normal high- 
way surfaces. 

Total efficiency of the drive system between 
engine output shaft and drive wheels is the product 
of all component efficiency factors. The follow- 
ing are representative average overall efficiencies 
for a vehicle with a change-gear transmission: 

1. In direct gear, 90 per cent 

2. In other gears, 85 per cent 

3. Drives with very high reductions (final drive), 

75 to 80 per cent. 

Power loss in the transmission is manifested as 
heat in the gear-box oil, bearings and other parts 
engaged in power transmission. The heat is even- 
tually transmitted to the outside air by convec- 
tion and radiation. 

In the next part of this series, two represent- 
ative vehicles— a passenger car and an industrial 
truck — are matched to their powerplants and de- 
tailed calculations of resulting vehicle performance 
are illustrated. 
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PERFORMANCE PREDICTION 


By JAROSLAV J. TABOREK* 

Development Engineer 
Towmotor Corp. 

Cleveland 


effective power • 
tractive forces • 
gradability • 
passing distance • 


P ERFORMANCE characteristics that suit a 
powerplant for use in a wheeled vehicle were 
surveyed in Part 13. 44 In this, the final article 
of the series, tentative design choice of power- 
plant is assumed to have been made, and the prob- 
lem considered is that of predicting vehicle per- 
formance. 

Performance calculations are illustrated for two 
representative vehicles: 1. Passenger car with a 
manual three-speed gear-shift transmission. 2. In- 
dustrial truck incorporating a torque-converter 
transmission with low and high gear stages. Meth- 
ods of procedure emphasize calculation techniques 
and illustrate the advantages of graphical repre- 
sentation of performance results. Specifications for 
the two assumed vehicles are given in Table 7. 


Effective Engine Power: Basic methods for de- 
termining effective engine power are identical for 
both the passenger car and the industrial truck. 
Power outputs P 0 of bare engines at SAE stand- 
ard air conditions are shown as functions of speed 
in Fig. 73 and 74. To establish usable power, stand- 
ard engine power P 0 is corrected to existing am- 
bient air conditions. It is important to note that 
carburetor air-intake temperature under the hood 
of an engine may be substantially higher than 
that of the ambient air. The designer may rely 
on previous experience as a guide in such cases. 

For both examples, air-intake temperature is 
assumed as 140 F, and air pressure is 29.6 in. Hg. 
Vapor pressure of the air is neglected ( B v = 0). 
From Equation 263 (Part 13), corrected power is 


P„(29.6) 

(29.92) 


V 


520 

600~ 


0.925 P n 


(266) 


Or, from the correction factors plotted in Fig. 71 


“References are tabulated at end of article. 
Ba^Se^ 8e 0Wa. and Development Engineer, Phillips Petroleum 


Co., 



^8* — Powerplant performance characteristics as- 

sumed for the passenger-car example. Upper plot 
shows method for obtaining effective power output 
P, from SAE standard power P m , Lower plot gives 
relationship between engine speed n 0 and vehicle 
speed V in first, second and high gears. 
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Fig. 74 — Powerpiant and 
torque-converter charac- 
teristics for the industrial- 
truck installation. At con- 
vener stall speed (n te *** 
0), torque ratio peaks at 
2.1:1 and engine speed is 
1400 rpm. Plot at lower 
left shows speed reduc- 
tion in mechanical stages 
of the transmission. Tran- 
sition between low and 
high gear ratios is per- 
formed at vehicle speed 
of 8 mph. 

Example: At a vehicle 
speed of 6 mph, with 
transmission in the low- 
gear range, converter out- 
put speed is 1490 rpm, 
engine speed is 1750 rpm, 
engine torque is 167 lb-ft, 
and engine power output 
is 58 hp. Converter torque 
ratio is 1.1:1. 



(Part 13), corrected power is 

P = 0.93 P 0 (267) 

This result confirms the accuracy of the correction 
diagram and shows that output of the bare engine 
at existing air conditions is 93 per cent of output 
under standard conditions. 

The corrected power-output curve is found by 
repeating the foregoing calculation for several P 0 
values, and then drawing curve P through the 
points. From the power curve so established, total 
power consumption P a of installations and acces- 
sories is subtracted graphically, giving the effec- 
tive engine power P, actually delivered to the 
transmission (Fig. 73 and 74). The P e values are 
next transformed into torque M e by use of Equa- 
tion 261, giving results on which all calculations 
are based. 

Tractive Forces and Limits: Differences in the 
characteristics of geared and torque-converter 
transmissions require modification of techniques 
for calculating tractive forces for the two assumed 
vehicles. Following sections illustrate the general 
procedures. 


Passenger Car : The gear-shift transmission pro- 
vides positive ratio coupling between engine speed 
and vehicle speed, except when the vehicle starts 
from a standstill. During this part of the opera- 
tional range, the clutch slips and the exact speed 
ratio is unknown. After positive drive is re-estab- 
lished, the relationship between engine speed and 
vehicle speed is 

n d r ( 3600 \ n e r 

V = ( = (268) 

(12) (60)9,2 ' 5280 / 168f9,i 

Terms in this and following equations are defined 
in Nomenclature. 

The tire-slip factor is usually assumed to fall 
between 0.95 and 0.98. Therefore, with only slight 
effect on the accuracy of performance calculations, 
the slip factor can be neglected. Equation 268 
can then be simplified to the form 


Graphical solution of Equation 269, shown in 
Fig. 73, gives engine speed N e and torque M e for 
each gear reduction and road speed. Accuracy ob- 
tainable from such graphical solution is in most 
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cases fully acceptable and saves lengthy numerical 
calculation. 

Transmission and rear-end gear reductions multi- 
ply engine torque to the value M d at the drive axle. 
Designating the tractive force exerted by the driv- 
ing wheels on the ground by T, the following re- 
lationship applies : 

12 M d _ 12 M. ir, 

T r (270) 

Prom this value, the motion-resisting forces en- 
countered in constant-speed driving are next sub- 


tracted, giving the free tractive force T, that is 
available for grade climbing, trailer pull or acceler- 93 
ation. Following are the principal motion-resist- 
ing forces : 

1. Rolling resistance R rf calculated from 
R r = Wf 

can be assumed constant throughout the speed 
range. If greater accuracy is required, Equations 
57 or 58 (Part 5) can be used. In the present 
example, Equation 57 gives the results tabulated 
in Table 8. 


Table 7 — Vehicle Specifications 


Passenger Car 

Weight Data: Gross weight of 
the loaded vehicle is 4000 lb. Dis- 
tribution of weight to front and 
rear axles is equal. Height of the 
eg is H = 0.25 (L), where L is the 
wheelbase. 

Engine Data: Bare engine pow- 
er output P 0 is given for SAE 
standard conditions in Fig. 73. Pow- 
er P a consumed by accessories is 
plotted as a function of engine 


loaded truck is 15,000 lb. 

Engine Data: Bare engine power 
output P 0 at SAE standard condi- 
tions is plotted with accessory pow- 
er consumption P a in Fig. 74. 

Transmission Data: Transmis- 
sion is a torque converter with 
automatic two-speed gearshift. 
Ratio between input and output 
speed and torque multiplication are 
plotted as functions of output speed 


in Fig. 74. Torque multiplication at 
stall speed is 2.1. Additional speed 
reduction, obtained in the vehicle 
final-drive gear box is as follows: 



G 

First 

ear 

Second 

Reduction 

22.2:1 

15:1 

Total Efficiency 

0.85 

0.85 


Tire Data: Rolling radius of 8.25 
x 15, 12-ply tires is r = 15.5 in. 


speed in the same figure. 

Transmission Data : Transmis- 
sion is a three-speed, manual-shift 
unit. Rear-end reduction is through 
a hypoid gear box. Reduction ratios 
and efficiencies of the power train 
are as follows: 


Gear 



First 

Second 

HJrh 

Transmission ratio 

2.6:1 

1.6:1 

1.1 

Rear-end ratio 

3.6:1 

3.6:1 

3.6:1 

Total ratio 

9.4:1 

5.75:1 

3.6:1 

Total Efficiency 

0.85 

0.85 

0.90 


Tire Data: Rolling radius of 6.75 
x 15 tires is r = 13.5 in. 

Air-Resistance Data: Projected 
frontal area A = 28 sq ft. Coef- 
ficient of air resistance c a = 0.55. 

Truck 

Weight Data : Gross weight of 


Table 


V 

(mph) 

n tc 

(rpm) 

n e 

(rpm) 

ft* 

f. 

ftt 

ft 

Low Gear 






0 

0 

1400 

00 

00 

2.10 

46.5 

2 

500 

1400 

2.80 

62 

1.60 

35.5 

4 

980 

1500 

1.53 

34 

1.27 

28.2 

6 

1490 

1750 

1.17 

26 

1.10 

24.5 

8 

1900 

2100 

1.10 

24.4 

1.02 

22.7 

10 

2450 

2550 

1.04 

23 

1.02 

22.6 

12 

2900 

3000 

1.03 

23 

1.02 

22.6 

High Gear 






0 

0 

1400 

00 

00 

2.1 

31.5 

4 

680 

1450 

2.10 

31.5 

1.46 

21.9 

6 

1000 

1500 

1.50 

22.5 

1.27 

19 

8 

1300 

1650 

1.27 

19 

1.15 

17.3 

10 

1620 

1850 

1.14 

17.1 

1.06 

15.9 

12 

1960 

2120 

1.08 

16.2 

1.02 

15.3 

14 

2250 

2350 

1.04 

15.6 

1.02 

15.3 

18 

2930 

3000 

1.03 

15.5 

1.02 

15.3 


Table 8 — Passenger-Car Performance 


V 

(mph) 

n, 

(rpm) 

M, 

(lb-ft) 

(lb-ft) 

T 

(lb) 


Rr 

Ob) 

R„ 

(lb) 

2R 

(lb) 

T, 

(lb) 

a 

(ft/sec*) 

First Gear 











7 

10 

20 

30 

40 

800 

1150 

2300 

3450 

4600 

230 

258 

275 

240 

175 


1840 

2060 

2200 

1920 

1400 

1650 

1840 

1960 

1710 

1250 


44 

44 

44 

48 

52 

1 

4 

16 

36 

64 

45 

48 

60 

84 

116 

1605 

1792 

1900 

1626 

1134 

10.2 

11.4 
12.1 

10.4 
7.3 

Second 

Gear 











11 

20 

30 

800 

1400 

2100 

230 

265 

278 


1130 

1300 

1360 

1010 

1160 

1220 


44 

44 

48 

4 

16 

36 

48 

60 

84 

962 

1100 

1136 

6.9 

7.9 
8.1 

40 

50 

60 

70 

2800 

3500 

4200 

4900 

265 

240 

200 

150 


1300 

1170 

980 

740 

1160 

1050 

875 

660 


52 

56 

64 

72 

64 

100 

144 

196 

116 

156 

208 

268 

1044 

894 

667 

392 

7.5 

6.4 

4.8 

2.8 

Hirh Gear 











20 

30 

40 

880 

1320 

1750 

240 

265 

275 


780 

860 

890 

700 

770 

795 


44 

48 

52 

16 

36 

64 

60 

84 

116 

640 

686 

679 

4.8 

5.1 

5.0 

60 

60 

80 

100 

2200 

2630 

3500 

4400 

278 

272 

240 

190 


900 

880 

780 

615 

800 

785 

700 

550 

56 

64 

88 

120 

100 

144 

256 

400 

156 

208 

344 

520 

644 

577 

356 

30 

4.8 

4.3 

2.6 

0.2 

9 — Truck Performance 








M, M d 
(lb-ft) (lb-ft) 

T 

(lb) 

Rr Tf 

(lb) (lb) 


y 

m' 

(lb-secVft) 

a 

(ft per sec*) 


168 

168 

168 

166 

6650 

5100 

4000 

3460 

5150 

3950 

3100 

2680 

300 

300 

300 

300 

4850 

3650 

2800 

2380 

0 

0 

12 

21 

1.03 

1.03 

1.1 

1.32 


485 

485 

515 

620 

10 

7.5 

5.4 

3.8 



160 

150 

127 

3100 

2820 

2400 

2400 

2180 

1860 

300 

300 

300 

2100 

1880 

1560 

22 

23 

23 

1.40 

1.40 

1.40 


655 

655 

655 

3.2 

2.9 

2.4 



168 

168 

168 

167 

4500 

3120 

2700 

2460 

3480 

2420 

2100 

1900 

300 

300 

300 

300 

3180 

2120 

1800 

1600 

0 

2 

7 

12 

1.03 

1.04 

1.05 
1.10 


485 

490 

493 

516 

6.5 
4.3 

3.6 
3.1 



165 

160 

155 

157 

2230 

2080 

1970 

1620 

1730 

1610 

1530 

1250 

300 

300 

300 

300 

1430 

1310 

1230 

950 

14 

15.3 

15.3 

15.3 

1.12 

1.13 

1.13 

1.13 


525 

530 

530 

530 

2.7 
2.5 
2.3 

1.8 
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2. Air resistance R a , calculated from Equation 
64 (Part 6), is 

f v v ( v V 

R a — 0.26 c a A = 0.26(0.55) (28) 

10 / \ 10 / 

- 0.04 V2 

Values of c a , the air-resistance coefficient, and A, 
the projected area, are usually known for exist- 
ing vehicles or, in case of new designs, are as- 
sumed on grounds of similarity. 

Both R r and R a are additively plotted against 
vehicle speed V and their sum is subtracted from 
tractive force T . This operation gives the free 
tractive force T f , plotted for the passenger car in 
Fig. 75. 

Tractive forces transferable by the driving wheels 
are limited by available friction, which, in turn, is 
a function of both the dynamic weight on the 
driving axle and the frictional properties of the 
ground (Part 9). For the rear-wheel drive sys- 
tem used on the passenger car, Equation 148, 
which has the form 

_ fiW(L f -fH) 

max 

(L - fiB) 

can be evaluated for representative road surfaces 
with the following coefficients: ^ = 0.75 (dry 
concrete); ^ = 0.60 (gravel); ^ = 0.40 (wet 
asphalt). Weight-distribution data (Table 7) are 
L f = 0.5L and H — 0.25 L. For dry concrete, then 
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0.75(4000) [0.5 - 0.02(0.25)] 

T max = 

[1 - 0.75(0.25)] 

- 1840 lb 

Other traction values are 1410 lb for the gravel 
surface and 890 lb for wet asphalt. These results 
are plotted in Fig. 75. The downward trend of 
the curves with increasing vehicle speed is caused 
by the decline of p values at higher speeds (Part 
1 ). 

Industrial Truck: Unlike the geared transmis- 
sion, which forms a positive coupling between en- 
gine and drive wheels, the torque converter is 
essentially a hydraulic coupling that gives values 
for torque multiplication and speed reduction that 
depend on converter speed, Fig. 74. 

Torque-Converter Characteristics: Torque ratio 
of the converter reaches maximum at stall out- 
put speed, with a value around 2.2:1. The ratio 
gradually falls off as output speed increases, the 
converter eventually acting as a hydraulic coupling 
with 1:1 torque ratio. 

Speed ratio of a torque converter is infinite at 
stall condition, where the vehicle is stationary 
and the engine is working at a certain predeter- 
mined design speed. As the vehicle begins to move, 
the engine speeds up, first very slowly, then at 
an increasing rate until the converter becomes a 




Fig. 75 — Tractive force and gradability for the passenger-car Fig. 76 — Free tractive force and 

example. Free tractive force T t is obtained by subtracting mo- gradability as functions of vehicle 

tion-resisting forces from the gross tractive force T which cor- speed for the truck example, 

responds to engine effective torque output. Gradability is 
proportional to free tractive force and therefore can be repre- 
sented on the same diagram by recalculating the scale 
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coupling. Here the proportionality between input 
and output speeds is re-established. At this point, 
however, a small difference between input and out- 
put speeds remains because of internal slip in the 
hydraulic element. 

Principal advantages of the torque-converter 
transmission can be summarized as follows: 

1. It creates an elastic connection between en- 
gine and driving wheels, cushioning the engine 
from sudden loads and shocks that are unavoidable 
with gear-shift transmissions. 

2. It prevents engine operation at uneconomical- 
!y low speeds and power outputs. 

3. The torque-output characteristic of a torque- 
converter transmission approaches closely the 
torque-speed demands of a vehicle. 

Characteristics of the converter used in the 


truck example are given in Fig. 74. When com- 
bined with the reduction in the geared stages, 
the plot leads to a complete graphical equivalence 
between vehicle speed, engine speed, converter 
torque ratio, and engine torque output. 

Speed and tractive force equations developed in 
foregoing sections for a geared transmission must 
be adjusted for use with the torque-converter 
transmission. The basic relationship, which has 
a form similar to that of Equation 269, is there- 
fore 

_ n e r _ n e r 

V ~ 168 Yt. } ~ 168 (271) 

Tractice Forces: Calculation of tractive forces is 
carried out by means of a modified form of Equa- 
tion 270: 
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Nomenclature 

A = Projected vehicle area, sq ft ~~~ ~ 
a = Acceleration, ft per sec 2 
B = Barometric pressure, in. Hg 
B 0 = SAE standard barometric pressure (29.92 
in. Hg) 

B v = Vapor pressure of air, in. Hg 
c a = Coefficient of air resistance 
f — Coefficient of rolling resistance 
G = Grade or gradability, per cent 
H Height of vehicle eg from ground, in. 

Lf — Distance between vehicle eg and front 
axle, in. 

M d ~ Torque on drive axle, Ib-ft 
M t — Engine torque, lb-ft 
m ~ Mass, lb-sec 2 -^ 1 

m> — Total effective inertia mass, lb-sec 2 -ft -1 
n = Speed, rpm 
n d = Drive-axle speed, rpm 
n t ~ Engine speed, rpm 

n M = Engine speed at maximum torque, rpm 
Kmax — Maximum engine speed permissible, rpm 
n min — Minimum engine speed, rpm 
ny = Engine speed at maximum power output, 
rpm 

n te = Torque-converter output speed, rpm 
P = Power, hp 

P 0 = Engine power output at SAE standard air 
conditions, hp 
R a = Air resistance, lb 
R g = Grade resistance, lb 
R r = Rolling resistance, lb 
r — Rolling radius of tire, in. 

T = Tractive force, lb 
T f = Free tractive force, lb 
t = Time, sec 

V = Vehicle speed, mph 

W = Vehicle gross weight, lb 
2.R = Summation of motion resistance forces, lb 

V = Efficiency factor 
V $i = Tire-slip factor 

y = Inertia mass factor of rotating parts 
f = Total reduction ratio 
$$ = Total speed ratio 
= Total torque ratio 
ft* = Torque-converter speed ratio 
$ tt = Torque-converter torque ratio 
fr = Ratio of change in engine speed to change 
in vehicle speed 

fi = Coefficient of road adhesion 



Fig. 77 — Construction of time-speed and time-dis- 
tance curves for the passenger car by graphical in- 
tegration of the acceleration-speed curve. Diagram 
interrelates speed, time and distance. For example, 
a speed of 80 mph is reached in 23 sec over a 
dista n ce of 1700 ft from' the starting point. 
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T - M, f„ tv ( -y- ) = M t i t , ( ) (272) 

Further steps in the calculation of tractive forces 
for the truck example are identical with those for 
the passenger car. Sum of resistance forces is 
subtracted from the gross tractive force (Equa- 
tion 272), giving free tractive force T f . For the 
industrial vehicle in this example, which usually op- 
erates at speeds below 25 mph, air resistance is 
neglected. In the calculation of rolling resistance, 
the assumed coefficient / = 0.02 is considered as 
speed-independent for the relatively narrow operat- 
ing-speed range. Results of such calculations are 
given in Table 9. 


ity values, since T f and G are related by the equa- 
tion 


T f = R 0 


WG 

Too 


(274) 


Maximum speed obtainable on each particular 
grade is then graphically determined at the inter- 
sections of the grade grid lines with the free trac- 
tive force curve, Fig. 75 and 76. Limits set by 
available friction naturally determine maximum 
gradability. 


Gradability: Free tractive forces, calculated for 
both the passenger car and the truck, can be used 
to obtain values of grade the vehicles can negotiate 
at constant speed. From Equation 61 (Part 5), 

_ 100 T f 

^ jy (273) 

The graphical representation of T f can also be 
directly transformed into corresponding gradabil- 


Table 10 — Mass Factors 


Gear 


First 

Second 

High 


Effective Mass 

Total Ratio Mass Factor m' 

f 7 (lb- sec 2 -ft” 1 ) 

^ T26 157 

5.75 1.12 140 

3 - 6 1.07 134 



Fig. 78 Determination of inertia mass factor y for 
the torque-converter transmission. Overall speed 
ratio decreases from 00 at converter stall speed 
(K-0) to the mechanical-stage ratios f (low) and 
f (high) when the converter acts as a coupling. 
The actual relationship between engine speed and 
vehicle speed is given by the nJV curves. Inertia 
effect of rotating engine pans is proportional to 
dnJdV , which is represented by ungents to the 
nJV curves. The curve, constructed by meas- 
uring ungent slopes, gives values ranging from 
zero at K — 0 to the values f (low) and f (high). 
At the left side of the plot, y is shown as a func- 
tion of the ratio jv. 


Acceleration: To determine acceleration, use is 
made of the basic equation of vehicle motion 
amy = T - 2R (275) 

where y is the factor expressing the effect of rotat- 
ing parts, and XR is the sum of resistances in con- 
stant-speed vehicle motion. Free tractive force is 
defined as 


T f = T-ZR (276) 

Substituting Equation 276 into Equation 275, 



ym m' 


(277) 


Here, m' is the effective mass to be accelerated 
and m' — yW/g. 

Passenger Car: Value of the factor y is ob- 
tained from Equation 86 (Part 6), which has ac- 
ceptable accuracy for all road vehicles : 

y = 1.04 + 0.0025 £2 (27g) 

The first term expresses the contribution of the 
vehicle wheels, and the second term the contribu- 
tion of parts rotating at engine speed, which is 
related to wheel speed by the reduction ratio 
Results obtained when Equation 278 is evaluated 
for the passenger car are listed in Table 10. 

As a final step, free tractive force T f is divided 
by values of the effective mass m', giving accelera- 
tion a. Results are plotted in Fig. 77 as functions 
of vehicle speed. Results of calculations are also 
given in Table 8. 

Industrial Truck : Corresponding calculations 
giving acceleration for the torque-converter in- 
stallation follow basically the same steps as for 
the passenger car. The one exception is that the 
reduction-ratio value substituted into Equation 86 
for determination of the factor y is not the speed 
rat '° of the transmission. Explanation of this 
behavior of the torque converter is that vehicle 
speed is not directly proportional to engine speed. 
This effect can be clearly observed from the speed- 
ratio curves in Fig. 74 and 78, where translatory 
speed-up of the vehicle is accompanied by almost 
no change in engine speed (curves a and b), espe- 
cially in the low-speed range. At the same time, 
the total speed ratio £, is very high. 

The ratio value substituted into Equation 86 
must express change in engine speed An. in rela- 
tion to change in vehicle speed aV, and therefore 
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a new ratio is introduced. It is defined as 



and is shown graphically in Fig. 78. When the 
torque converter begins to act as a hydraulic 
coupling at high speeds, engine and vehicle speeds 
again become directly proportional, as in the case 
of the gear-shift transmission. Consequently, £ r — 

For the truck in this example, where an extreme- 
ly heavy vehicle is powered by a relatively small 
engine, the constants of Equation 86 must be ad- 
justed. As a rough approximation, 


y - 1.03 4- 0.0006 (279) 

Results of these calculations are shown as func- 
tions of in Fig. 78. Values of y can be taken 
directly from the plot for any vehicle speed. Final- 
ly, acceleration is calculated from Equation 277. 
Complete results are given in Table 9 and plotted 
in Fig. 79. 

Time-Speed Relationships: In Fig. 77 and 79, 
calculated values of maximum acceleration for 
the car and the truck are plotted against vehicle 
speed. Acceleration, however, is not entirely suit- 
able as a factor for illustrating vehicle perform- 
ances. Time-speed and time-distance relationships 


Table 11 — Graphical Integration 


Problem: By graphical means, determine the 
time-speed relationship represented by Equation 
281. The technique requires solution of the equa- 
tion 

AV AV 

At = 

fiV) a 

where the curve /(V) vs. V is given. 


through the graphically determined points. 

Problem: Determine the time-distance rela- 
tionship by graphical integration of the time- 
speed relationship. 

The incremental equation is 

AS = VAt 



From similar triangles in a. 


where the curve of V vs. t is given in b. 



A h 
AV 

A t 2 

Tv 


OP (OP) AV 


Oi 

or At x = 

di 

OP 

or At 2 = 

(OP) AV 

a 2 

a 2 


The graphical construction, illustrated for in- 
crements At t and At 2 , is repeated for the velocity 
range of interest. Then, 


From similar triangles, 


AS X 

v 1 

or A Si ~ 

Vi At 

At 

O'P' 

O'P' 

as 2 

V 2 

or AS 2 = 

V 2 At 

~At 

O'P' 

O'P' 


Therefore, 


t = 2At = At! 4- At 2 + + At n 

Solution to Equation 281, which is the time-speed 
relationship, is obtained by fairing a curve 


3 = £A 8 = AS X H~ AS 2 4- A S n 

A line faired through the points represents the 
required solution. 
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Fig. 79 — Construction of time-speed and time-distance 
curves for the truck example. Techniques are the 
same as those used in construction of Fig. 77. Acce- 
leration values in this case do not reach zero since 
maximum engine speed is limited by an engine gov- 
ernor. 


offer more information. 

Calculations for these relationships are based 
on the equation for accelerated motion, which in 
differentiated form is 


y to 



= T — ZR = T f 


(280) 


Consequently, 

ym(dv) 
dt = - — - — - 

T t 


Unfortunately, free tractive force T f is itself a 
function of V f which makes the equation relating 
time and speed not integrable by conventional 
methods. Form of the equation is 


t 



dV 

urn] 


where units of V are mph. 


(281) 


The graphical method of integration offers a 
solution with sufficient accuracy. Theory of graphi- 
cal integration is not detailed here. 45 However, 
techniques are demonstrated for the car and truck 
examples, using values plotted in Fig. 77 and 79. 
Graphical basis of the technique is illustrated in 
Table 11. Outline of procedure is as follows: 

1. On the plot representing acceleration as a 
function of vehicle speed V t the area between the 
acceleration curve and the speed axis is divided 
into small sections to represent the differential dV 
(Fig. 77). 

2. A rectangle of width dV is constructed with 
area equal to that enclosed under the curve proper 
(shaded areas equal). 

3. Height of this rectangle is then projected 
on the acceleration axis (or a line parallel to it), 
and the point thus created is connected by a 
straight line with the integration pole P. 

4. From this line, a perpendicular is erected 
to the speed-time co-ordinate system. The first such 
perpendicular is drawn through the zero-zero point 
to intersect the ordinate at 10 mph extended from 
the upper diagram. This gives a point on the time- 
speed curve. The second perpendicular, correspond- 
ing to the interval from 10 to 20 mph, is drawn 
through the point just located and extended to 
meet the 20-mph ordinate. This process is repeated 
until zero acceleration and maximum speed are 
reached. The result is a complete graphical repre- 
sentation of the time-spefed relation. 

5. On the points where gears are changed, the 
power connection to the engine is interrupted, and 
the vehicle is decelerated by rolling and air re- 
sistances. An accurate determination of the speed- 
time relation during this part of the vehicle prog- 
ress was shown in Part 12 of this series. Gear- 
shift time is usually between 1 and 2 seconds. 

6. Distance of the pole P from point O is deter- 
mined by the graphical scales used for the three 
variables involved. The relationship giving PO in 
length units is 


(speed scale) 

PO = - (282) 

(time scale) (acceleration scale) 

where units of length chosen for the construction 
must be consistent for all scales. 

In construction of the time-speed diagram for 
the passenger car, Fig. 77, dV = 10 mph, dt = 4 
sec, and evaluation of Equation 282 gives 

10(1.47) 

PO — = 3.68 (length units) 

4(1) 

In this equation, the factor 1.47 converts the speed 
scale (mph) to the same units as the acceleration 
scale (ft per sec 2 ). 

Similarly, evaluation of Equation 282 for the 
truck (Fig. 79) gives the result 

2(1.47) 

PO — — = 2.94 (length units) 


Time-Distance Relationships: Graphical integra- 


tion of the t-V curve gives the time-distance rela- 
tionship. Form of the equation for the t-V curve is 

s - VU(t)]dt (283) 

h 

The method of integration is as follows : 

1. The diagram representing the relation be- 
tween time t and speed V is considered to be known. 
The fields under curves in Fig. 77 and 79 are 
again divided into small sections representing the 
differential dt . 

2. A rectangle of width dt is then constructed 
with an area equal to that enclosed between the 
curve and the t axis (shaded areas equal). 

3. Height of this rectangle is projected to the 
distance and speed axis, and the point thus cre- 
ated is connected with integration pole P\ 

4. A line parallel to the connecting line deter- 
mines the time-distance curve for that particular 
section of dt y since it represents the integral of 
Equation 283. This process is repeated until the 


range of maximum (constant) speed is reached; 
here the distance progress becomes a straight line. 

5. The distance of the integration pole P'O' is 
found (as for the time-speed calculation) from 
the scales of the variables. The relationship is 

(distance scale) 

tr O — (284) 

(speed scale) (time scale) 

Evaluation of Equation 284 gives P'O ' for the 
passenger car (Fig. 77) as 


P'O' 


500 

I0O47H4) = 8 ' 5 ° engthUnitS) 


Similarly, pole distance for the truck example 
(Fig. 79) is 


20 

P '°' ~ 2(1.47) (1) = 6 8 (length UnitS) 

Accuracy of graphical integration depends on 
the size of the differential sections. Acceptable re- 
sults are reached, however, with fairly large sec- 
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1 00 tions. Curves, which in the first stages of con- 
struction are multiple broken lines, are finally 
faired into smooth curves. 

Passing Distance: Time-distance curves can be 
used for graphical determination of distances re- 
quired for passing. The technique is shown in Fig. 
80, which solves a situation involving three cars: 

Car X : Car X is traveling at constant speed nf 
50 mph, represented by the line with slope Q x . 

Car Y : Car Y is the car considered as an exam- 
ple in this article and is traveling in third gear 
at a constant 50 mph. At time zero, the throttle 
is suddenly opened wide, and the car begins to 
accelerate. 

Car Z: The third car is approaching from the 
opposite direction at a constant speed given by 
the line under angle Q z . In this example, speed of 
Z is also taken as 50 mph. 

The acceleration vs. speed characteristic of car 
Y in high gear is taken from Fig. 77 and is shown 
in the auxiliary diagram on the left of Fig. 80. 
Only the part above 50 mph, which is required for 
this calculation, is shown. 

The first graphical integration, based on the 
principles explained in earlier sections, delivers the 
auxiliary time-speed curve. The pole distance PO 
is given by Equation 282 as 

5(1.47) 

PO — — — 7.34 (length units) 

The time-speed curve is again integrated, deliver- 
ing the time-distance curve of the car Y. The 
pole distance P'O' of this integration is determined 
from Equation 284 as 

50 

P '°' ~ 5(147) (1) = 6 8 (l6ngth 

If the minimum clearance distance required be- 
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fore the car Y can pull back into its own line is 
100 ft, minimum free distance for passing is L = 
560 ft. 

In case, however, car Z is approaching from 
the opposite direction, it can safely pass abreast of 
car Y at the minimum distance L , that is, after car 
Y has pulled back into line. The minimum distance 
K between cars Y and Z at time zero is taken 
from the diagram as 1020 ft. 

The advantage of such a graphical presentation 
is that it permits the effects of different speeds 
to be determined without repeated calculations. 

references 

44. Preceding articles In the Mechanics of Vehicles series by Jaro- 
slav J. Taborek and the Machine Design issues in which they 


appeared were as follows: 

Part 1 — “Motion of Wheels" May 30, 1957 

Part 2 — “Cornering and Directional Control” June 13, 1957 

Part 3 — “Steering Forces and Stability” June 27, 1957 

Part 4 — “Stability on a Curve” July 11, 1957 

Part 5 — “Motion-Resisting Forces” July 25, 195^ 

Part 6 — “Resistance Forces” Aug. 8, 1957 

Part 7 — “Center of Gravity” Aug. 22, 1957 

Part 8 — “Longitudinal Stability” Sept. 5, 1957 

Part 9 — “Limits of Vehicle Performance” Sept. 19, 1957 

Part 10 — “Performance Limits” Oct. 17, 1957 

Part 11 — “Dynamics of Braking” Nov. 14, 1957 

Part 12 — “Braking Performance Limits” Nov. 28, 1957 

Part 13 — “Powerplant Characteristics” Dec. 12, 1957 


45. Hutte — Mechanics, Part 1, W. Ernst Verlag, Berlin, 1955. 

48, Lavender, Webb — “Acceleration,” Automobile Engineer, London, 
1953. 

47. J. L. Koffman — “Performance Prediction,” Automobile Engi- 
neer, London, Sept., 1954. 

48. J. L. Koffman— “Vehicle Performance,” Automobile Engineer, 
London, Dec., 1955. 

49. Symposium — “Where does all the Power Go?,” SAE Trans- 
actions, 1956: 

C. E. Burke, L. H. Nagler — “The Engine, the Power Source.” 
E. C. Campbell — “The Accessories, the First Bite.” 

W. E. ZJerer, H. L. Welch — “Effective Power Transmission.” 
T. D. Hosier, W. A. McConnell — “What the Customer Gets.” 


Extra copies of the entire “Mechanics of Vehi- 
cles’’ series, bound as a pamphlet, may be ob- 
tained for $4.00 each from: Penton/IPC Educa- 
tion Division, Rockefeller Building, 614 Superior 
N.W., Cleveland, OH 44113. 


93 



